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Integrability of the field equations of invariant
variational problems on linear frame bundles

J. Muñoz Masquéa,∗, M. Eugenia Rosado Marı́ab,1

a Instituto de F´ısica Aplicada, CSIC, C/Serrano 144, 28006 Madrid, Spain
b Department of Mathematics, Trinity University, S715 Stadium Drive, San Antonio, TX 78212–7200, USA

Received 13 November 2002

Abstract

The integrability of the Euler–Lagrange equations and the Jacobi fields of the natural basis
of Lagrangian densities on the bundle of linear frames of a manifold which are invariant under
diffeomorphisms, is stated. Applications to the reducibility of the pre-symplectic structure attached
to such variational problems as defined in [Symp. Math. 14 (1974) 219], are also given.
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1. Introduction

The main aim of this paper is to prove the integrability of the field equations and their
Jacobi fields for the variational problems defined by the natural basis of diffeomorphism-
invariant Lagrangians on the linear frame bundle of a manifold. To this end, we use the
tools of geometric theory of partial differential equations. Formal integrability, existence
of quasi-regular bases (and hence, the vanishing of the Spencer cohomology groups; e.g.,
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see[2, IX, Theorem 2.14]), etc. The application of these techniques to the equations of the
Mathematical Physics stars with Einstein’s equations (e.g., see[6]) and more recently in
studying Yang–Mills fields; see[8] and also[4,7] for general expositions on the topic.

Let π : FM → M be the bundle of linear frames. Every DiffM-invariant Lagrangian
on J1(FM) can be written as a differentiable function of the LagrangiansLijk defined by

(Lijk◦j1s)Xi = [Xj,Xk], wheres = (X1, . . . , Xm) is a linear frame (Latin indices run from

1 tom = dimM); i.e.,Lijk associates theith component of [Xj,Xk] in the given frame to

the 1-jet prolongation ofs (see[16]). Denoting byθ = (θ1, . . . , θm) the canonical form on
FM (seeSection 2.1), the Lagrangian densitiesΩi

jk = Lijkθ1 ∧ · · · ∧ θm define the simplest
class of diffeomorphism-invariant variational problems; they do not apply immediately to
field theory but they provide interesting geometric relativistic models. The bundle of linear
frames seems to be the natural framework for formulating DiffM-invariant problems in the
affine gauge theory of gravity; e.g., see[10] and also[18,19]for a discussion of the central
role of that bundle in classical field theory. The present work was originally motivated by
the analysis of the consistency of models of relativistic Lagrangians on the linear frame
bundle. In fact, the formal integrability of Euler–Lagrange equations solves, in particular,
the Cauchy problem, and this is a good measure of the existence of solutions. In[16]
we have studied the Hamiltonian structure associated to the variational problems defined
by the densitiesΩi

jk. The results in this paper allow us to determine the reduction of the
pre-symplectic structure attached to such problems in the sense of Garcı́a [5], defined by
means of the exterior differential of the Poincaré–Cartan as an alternating bilinear map on
the space of Jacobi fields along a given extremal. This represents a novel application of the
geometric techniques to study the symplectic structure on the space of extremals.

The outline of the paper is as follows. InSection 2we briefly introduce the geometric
notions on linear frame bundles, jet bundles and quasi-linear PDEs that we use throughout
the paper, as well as the basis of invariant Lagrangians onFM and the equations defining
the extremals ofΩ1

23 andΩ1
12. For more details we refer the reader to[16]. In Section 3we

state the formal integrability of the extremals ofΩ1
23 andΩ1

12 (Theorem 3.13) as well as
that of Jacobi fields along an extremal (Theorem 3.25). We remark that, the field equations
being non-linear, the integrability of Jacobi fields is not a consequence of the integrability
of Euler–Lagrange equations. As the equations defining the extremals ofΩ1

23 andΩ1
12 are

locally of classCω, their formal integrability implies local integrability (Corollary 3.14),
and similarly for Jacobi fields (Theorem 3.25). Two features of the fieldequations (1) and (2)
studied below are the following. They are underdetermined (cf.[1]) quasi-linear systems of
PDEs and every hypersurface ofM is characteristic for such equations (Proposition 3.6).
This explains why these systems cannot be written in the Cauchy–Kovalevskaya form;
these are the contents ofSections 3.1 and 3.2. In Section 3.3we prove that the curvature
of the Euler–Lagrange equations vanishes (Theorems 3.8 and 3.9) and inSection 3.4, the
existence of quasi-regular bases is stated (Theorems 3.11 and 3.12). In Section 3.5, we prove
the formal integrability of the Jacobi equations along an extremal of classCω, which implies
its local integrability (Theorem 3.25). In Section 4we assume thatM is parallelizable and
that Ω1

23 andΩ1
12 admit global extremals. InSection 4.1, by using the integrability of

the Jacobi fields, we characterize the radical of the pre-symplectic structure attached to
Ω1

23 (resp.Ω1
12) as the set of the Jacobi fields along an extremal which are infinitesimal
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symmetries ofΩ1
23 (resp.Ω1

12) (Theorem 4.1). Here we consider that the pre-symplectic
structure takes values into the space of closed(m−1)-forms on the ground manifoldM. On
the other hand, inSection 4.2, we analyse the radical of the pre-symplectic structures ofΩ1

23
andΩ1

12 modulo exact(m − 1)-forms; i.e., we consider the pre-symplectic structure as an
Hm−1(M; R)-valued 2-form. First of all, inSection 4.2.1, we discuss the case dimM = 3
and we conclude (Theorem 4.3) that the only obstruction for the pre-symplectic structure to
vanish, lies inH1(M; R). We remark that no compactness assumption onM is supposed.
Finally, in Section 4.2.2, we study the radical of the pre-symplectic structure at a global
holonomic section for dimM ≥ 4; hence we need to assume (cf.[12]) that our domain of
integration is an(m − 1)-dimensional torus.

We are indebted to Professor Joseph Grifone for valuable conversations on formal inte-
grability and to Professor Boris S. Kruglikov for his comments on the topic of characteristics
for underdetermined systems.

2. Notations and preliminaries

2.1. The bundle of linear frames

Let π : FM → M be the bundle of linear frames of a connectedm-dimensional man-
ifold M. Let T = T(M) and T ∗ = T ∗(M) be the tangent bundle and cotangent bun-
dle of M, respectively. Each coordinate system(x1, . . . , xm) on an open domainU ⊆
M induces a coordinate system(xi, xij), i, j = 1, . . . , m, on π−1(U) by settingu =
((∂/∂x1)x, . . . , (∂/∂x

m)x)·(xij(u)),x = π(u). As is well known (e.g., see[13, VI, Section 1])

every local diffeomorphismφ : M → M ′ induces a principal bundle morphism̃φ : FM →
FM′, φ̃(X1, . . . , Xm) = (φ∗X1, . . . , φ∗Xm). If φt is the local flow ofZ ∈ X(M), thenφ̃t is
the local flow of a vector field̃Z ∈ X(FM) (see[13, VI, Proposition 2.1]).

We denote byθ = (θ1, . . . , θm), θi = xj
i dxj, 1 ≤ i ≤ m, the canonical 1-form onFM

(see[13, III, Section 2]), where(xji) = (xij)
−1 is the inverse matrix.

2.2. Jet bundle notations

Let π : P → M be a fibred manifold; i.e.,π is a surjective submersion. We denote by
πr : JrP → M the bundle ofr-jets of local sections ofπ, and byjrs : U → JrP ther-jet
prolongation of a sections : U → P of π on an open subsetU ⊆ M. For r ≥ k there is
a projectionπr

k : JrP → JkP given byπr
k(j

r
xs) = jkxs. Set dimP = m + n. Throughout

the paper Latin indices run from 1 tom, and Greek indices run from 1 ton. A fibred
coordinate system forπ is a coordinate system(V ; xi, yα) on an open subsetV ⊆ P such
that(xi) is a coordinate system onπ(V) = U ⊆ M. We denote by(xi, yα, yαI ), the induced
coordinate system onJrV ; i.e.,yαI (j

r
xs) = (∂|I|(yα ◦ s)/∂xI)(x), whereI = (i1, . . . , im) is

a multi-index of order|I| = i1 + · · · + im ≤ r. We denote by(i) the multi-index whose
entries are defined by(i)h = δih, for 1 ≤ h ≤ m. We also set(ij) = (i) + (j), (ijk) = (i) +
(j)+ (k), etc. Remark that the symbols(ij), (ijk), etc. depend symmetrically on the indices
i, j, k.
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For linear frame bundlesπ : FM → M we use a specific notation: We denote by(xi, xij;
xij,I ) the coordinate system onJr(FM) induced by a coordinate system(xi) in M; i.e.,

xij,I (j
1
xs) = (∂|I|(xij ◦ s)/∂xI)(x).

If π : E → M is a vector bundle thenπr : JrE → M is a vector bundle with respect to
the operationsjrxs+ jrxs

′ = jrx(s+ s′), λ · jrxs = jrx(λs)∀jrxs, jrxs′ ∈ Jr
xE, λ ∈ R (see[9] for

details). There exists an exact sequence of vector bundles overM (cf. [2, p. 395], [9, p. 6]),

0 → SrT ∗ ⊗ E
ε→JrE → Jr−1E → 0, where the injectionε is defined as follows: If [f ]rx

denotes the coset off ∈ mr
x in mr

x/m
r+1
x

∼= SrT ∗
x , mx = {f ∈ C∞(M)|f(x) = 0}, and

v = (v1, . . . , vm) ∈ Ex, thenε([f ]rx ⊗ v) = jrx( f Y1, . . . , f Ym), whereYi is any vector field
such that(Yi)x = vi. Hence, the vector bundleSrT ∗ ⊗E can be identified to the sub-bundle
in JrE of the elementsjrxs

′ such that(∂|I|s′/∂xI)(x) = 0 for |I| ≤ r − 1.
In the caseE = ⊕mT , let denote(xi, xij; xij,I ) the coordinate system onJrE defined

similarly as inJr(FM). The injectionε : SrT ∗ ⊗E → JrE is given byε∗xij = 0, ε∗xij,I =
0 for |I| ≤ r − 1 andε∗xij,I = tij,I for |I| = r, wheretij,I are the induced coordinates on

SrT ∗ ⊗ E; i.e., tij,I ([f ]rx ⊗ v) = (∂rf/∂xI)(x)xij(v).

2.3. Quasi-linear PDEs

Let π : P → M be a fibred manifold. A partial differential equation of orderk (see
[2]) is a fibred submanifoldRk ⊂ JkP ; a solution ofRk is a sections : U → P such that
jkxs ∈ Rk ∀x ∈ U. If ϕ : JkP → P ′ is a morphism of fibred manifolds of locally constant
rank ands′ : M → P ′ is a global section ofπ′, thenRk = {jkxs ∈ JkP |ϕ(jkxs) = s′(x)} is a
fibred submanifold ofJkP .

Let π : E → M andπ′ : E′ → M be vector bundles and letπk : F → M be an
open fibred submanifold ofJkE. In our caseF = J1(FM), considered as an open fibred
submanifold inJ1(⊕mT). A morphismϕ : F → E′ is said to be quasi-linear if a morphism
σ = σ(ϕ) : πk

k−1(F)×M (SkT ∗ ⊗E) → E′ of vector bundles exists—called the symbol of
ϕ—such that for everyv ∈ SkT ∗

x ⊗ Ex, jkxs ∈ F , with v + jkxs ∈ F , we haveϕ(v + jkxs) =
σ(jk−1

x s, v)+ϕ(jkxs). Let s′ : M → E′ be a section such thats′(M) ⊂ ϕ(F) and assume the
rank ofϕ is constant. The PDE systemRk = {jkxs ∈ F |ϕ(jkxs) = s′(x)} is then said to be
quasi-linear. Moreover, there exists a quasi-linear morphismpl(ϕ) : (πk+l

k )−1(F) → JlE′,
pl(ϕ)(j

k+l
x s) = jlx(ϕ ◦ jks), called thelth prolongation ofϕ, whose symbolσ(pl(ϕ)) :

(πk+l−1
k )−1(F) ×M (Sk+lT ∗ ⊗ E) → JlE′ is determined by thelth prolongation of the

symbol ofϕ; for details, we refer the reader to[2, IX, Proposition 2.6].
As σ(pl(ϕ))(j

k+l−1
x s, v) belongs toSlT ∗ ⊗ E′ ∀jk+l−1

x s ∈ (πk+l−1
k )−1(F), a unique

morphismσl = σl(ϕ) : (πk+l−1
k )−1(F)×M (Sk+lT ∗ ⊗E) → SlT ∗ ⊗E′ exists—called the

lth prolongation ofσ—such thatσ(pl(ϕ)) = ε′ ◦ σl, whereε′ : SlT ∗ ⊗ E′ → JlE′ is the
natural injection (cf.Section 2.2).

For every integerl ≥ 1, we denote byRk+l ⊆ Jk+lP the lth prolongation ofRk. If
Ω : Rk → (T ∗ ⊗ E′)/im σ1, Ω(jkxs) = (p1(ϕ)(j

k+1
x s) − j1

xs
′) mod imσ1 denotes the

curvature ofRk (e.g., see[2, IX, Proposition 2.8]), then we haveπk+1
k (Rk+1) = {jkxs ∈

Rk|Ω(jkxs) = 0}. Henceπk+1
k : Rk+1 → Rk is surjective if and only if the curvature ofRk

vanishes.
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We setgk = kerσ, gk+l = ker(σl)∀l ≥ 0, and we denote bygk,u the fibre ofgk
over the pointu ∈ FM. Let (t1, . . . , tm) be a basis ofTx, with dual basis(α1, . . . , αm)

and letSkT ∗
x,(t1,...,tj)

be the subspace ofSkT ∗
x generated by the symmetric productsαi1 �

· · · � αik , with j + 1 ≤ i1 ≤ · · · ≤ ik ≤ m. We also setgk,u,(t1,...,tj) = gk,u ∩
(SkT ∗

x,(t1,...,tj)
⊗ Ex). Then,(t1, . . . , tm) is said to be a quasi-regular basis forgk at a point

u = s(x) (cf. [2, IX, Section 2]or [7,9]) if we have dimgk+1,u = dimgk,u + ∑m−1
j=1 dim

gk,u,(t1,...,tj).

2.4. Invariant Lagrangians on FM

A Lagrangian densityΩm on J1(FM) is said to be DiffM-invariant if for everyφ ∈
Diff M, one hasJ1(φ̃)∗Ωm = Ωm. Let X̃ be the natural lift of a vector fieldX ∈ X(M)

to FM ([13, VI, Proposition 2.1]). A Lagrangian densityΩm on J1(FM) is said to be
X(M)-invariant if LX̃(1)Ωm = 0∀X ∈ X(M), where X̃(1) is the natural lift ofX̃ to
J1(FM) by infinitesimal contact transformations. Every Lagrangian density onJ1(FM)

can be written asΩm = Lθ1 ∧ · · · ∧ θm, whereθi are the components of the canonical
1-form andL ∈ C∞(J1FM). Then,Ωm is Diff M-invariant (resp.X(M)-invariant) if and
only if L ◦ J1(φ̃) = L∀φ ∈ Diff M (resp.X̃(1)L = 0∀X ∈ X(M)). This is a consequence
of beingθ both Diff M-invariant andX(M)-invariant. Hence the problem of determining
invariant Lagrangian densities is reduced to that of determining invariant Lagrangian func-
tions.

We denote byIDiff M (resp.IX(M)) the algebra of DiffM-invariant (resp.X(M)-invariant)
Lagrangian functions onJ1(FM). ObviouslyIDiff M ⊆ IX(M), andIDiff M = IX(M) except
whenM is orientable and admits an orientation-reversing diffeomorphism, in which case
we haveIX(M) = IDiff M × IDiff M , IDiff M being identified to the diagonal ofIX(M); see
[16] for details.

Let Lijk : J1(FM) → R, j < k, be the LagrangianLijk(j
1
xs) = ωi([Xj,Xk])(x), where

s = (X1, . . . , Xm) and(ω1, . . . , ωm) denotes the dual coframe. We remark that the def-
inition makes sense as the valueωi([Xj,Xk])(x) only depends onj1

xs. From the very
definition we have [Xj,Xk]x = Lijk(j1

xs)(Xi)x. The local expression of this Lagrangian in

an induced coordinate system onJ1(FM) is Lijk = (xhj x
l
k,h − xhkx

l
j,h)xl

i. The Lagrangians

Lijk are seen to be DiffM-invariant and functionally independent. Hence everyL ∈ IX(M)

can be written locally as a differentiable function of these Lagrangians (see[16] for the
proofs).

2.5. Extremals ofLijk

The densitiesΩi
jk = Lijkθ1 ∧ · · · ∧ θm define two types of non-equivalent variational

problems according toi /∈ {j, k} or i ∈ {j, k}. If dim M = 2, the densityΩ1
12 = L1

12θ
1 ∧ θ2

is variationally trivial. Hence we assume dimM ≥ 3 and we confine ourselves to work
with L1

23 andL1
12 in order to avoid unnecessary indices. In[16] we have proved that a

sections = (X1, . . . , Xm) of π, Xj = f i
j∂/∂x

i, f i
j ∈ C∞(U), defined on a coordinate

domain(U; xi), is an extremal ofΩ1
23 if and only if the following 3(m − 2) equations



124 J. Muñoz Masqu´e, M. Eugenia Rosado Mar´ıa / Journal of Geometry and Physics 49 (2004) 119–155

hold:(
f k
j

∂f h
i

∂xk
− f k

i

∂f h
j

∂xk

)
fh

1 = 0, 4 ≤ i ≤ m, j = 2,3,

2

(
f k

1

∂fh
j

∂xk
− f k

j

∂f h
1

∂xk

)
fh

1 +
m∑
l=4

(
f k
l

∂f h
j

∂xk
− f k

j

∂f h
l

∂xk

)
fh

l = 0, j = 2,3,(
f k

2
∂fh

3

∂xk
− f k

3
∂fh

2

∂xk

)
fh

j = 0, j �= 2,3. (1)

Similarly, a sections = (X1, . . . , Xm) of FM is an extremal ofΩ1
12 if and only if the

following 3(m − 1) equations hold:(
f k
j

∂f h
i

∂xk
− f k

i

∂f h
j

∂xk

)
fh

1 = 0, 3 ≤ i ≤ m, j = 1,2,

m∑
l=3

(
f k
l

∂f h
j

∂xk
− f k

j

∂f h
l

∂xk

)
fh

l = 0, j = 1,2,(
f k

2
∂fh

1

∂xk
− f k

1
∂fh

2

∂xk

)
fh

j = 0, j �= 2. (2)

The number of the Euler–Lagrange equations for the extremals of a Lagrangian onFM is
m2, a number much greater than that ofEqs. (1) and (2)defining the extremals ofΩ1

23,Ω
1
12,

respectively, but each of these systems is equivalent to the corresponding Euler–Lagrange
equations, as it is proved in[16, Section 2.4].

3. Integrability of extremals and Jacobi fields

3.1. Quasi-linear PDEs defined byΩ1
23 andΩ1

12

Proposition 3.1. We setE = ⊕mT , E′ = M × R
3(m−2). The fibred morphismϕ :

J1(FM) → E′ defined below is a submersion:

ϕi−3(j1
xs) = ω1([X3, Xi]x), ϕm−6+i(j1

xs) = ω1([X2, Xi]x),

ϕ2m−5(j1
xs) = 2ω1([X1, X3]x) +

m∑
h=4

ωh([Xh,X3]x),

ϕ2m−4(j1
xs) = 2ω1([X1, X2]x) +

m∑
h=4

ωh([Xh,X2]x),

ϕ2m−3(j1
xs) = ω1([X2, X3]x), ϕ2m−6+i(j1

xs) = ωi([X2, X3]x), (3)
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where4 ≤ i ≤ mands = (X1, . . . , Xm) is a section of FM with dual coframe(ω1, . . . , ωm).
Hence the system(1), which is given byR1 = ϕ−1(M × {0}), is a fibred submanifold of
J1(FM). Furthermore, (1) is quasi-linear and its symbolσ : FM ×M (T ∗ ⊗ E) → E′ is
given by

σi−3(u,w ⊗ v) = (w ⊗ vi)((X3)x, (ω
1)x) − (w ⊗ v3)((Xi)x, (ω

1)x),

σm−6+i(u,w ⊗ v) = (w ⊗ vi)((X2)x, (ω
1)x) − (w ⊗ v2)((Xi)x, (ω

1)x),

σ2m−5(u,w ⊗ v) = 2[(w ⊗ v3)((X1)x, (ω
1)x) − (w ⊗ v1)((X3)x, (ω

1)x)]

+
m∑
l=4

[(w ⊗ v3)((Xl)x, (ω
l)x) − (w ⊗ vl)((X3)x, (ω

l)x)],

σ2m−4(u,w ⊗ v) = 2[(w ⊗ v2)((X1)x, (ω
1)x) − (w ⊗ v1)((X2)x, (ω

1)x)]

+
m∑
l=4

[(w ⊗ v2)((Xl)x, (ω
l)x) − (w ⊗ vl)((X2)x, (ω

l)x)],

σ2m−3(u,w ⊗ v) = (w ⊗ v3)((X2)x, (ω
1)x) − (w ⊗ v2)((X3)x, (ω

1)x),

σ2m−6+i(u,w ⊗ v) = (w ⊗ v3)((X2)x, (ω
i)x) − (w ⊗ v2)((X3)x, (ω

i)x), (4)

where4 ≤ i ≤ m, u = s(x) ∈ FxM, w ∈ T ∗
x andv = (v1, . . . , vm) ∈ Ex.

Proof. The coordinate expression ofϕ coincides with the left-hand side ofEq. (1). Deriving
with respect toxab,c yields a maximal rank matrix, henceϕ is a submersion.

By using the notations introduced inSection 2.2, writing xij(w ⊗ v + j1
xs) = xij(j

1
xs),

xij,k(w ⊗ v + j1
xs) = tij,k(w ⊗ v) + xij,k(j

1
xs), and settingu = s(x), we have

ϕi−3(w ⊗ v + j1
xs)

= xh
1(u)[(xk3(u)t

h
i,k(w ⊗ v) + xhi,k(j

1
xs)) − xki (u)(t

h
3,k(w ⊗ v) + xh3,k(j

1
xs))]

= xh
1(u)(xk3(u)t

h
i,k(w ⊗ v) − xki (u)t

h
3,k(w ⊗ v)) + ϕi−3(j1

xs)

for 4 ≤ i ≤ m. Hence,σi−3 = σ∗yi−3 = xh
1(xk3t

h
i,k − xki t

h
3,k). Thenw ⊗ vj = tij,k(w ⊗

v)(dxk)x ⊗ (∂/∂xi)x. As (∂/∂xi)x = xi
h(u)(Xh)x, (dxk)x = xkl (u)(ω

l)x, we have(w ⊗
vj)((Xl)x, (ω

h)x) = xi
h(u)xkl (u)t

i
j,k(w ⊗ v) and σi−3(u,w ⊗ v) = (w ⊗ vi)((X3)x,

(ω1)x) − (w ⊗ v3)((Xi)x, (ω
1)x). In the same way, we obtain the rest of compo-

nents. �

Similarly, we have the following proposition.

Proposition 3.2. A quasi-linear submersion̄ϕ : J1(FM) → M × R
3(m−1) of fibred

manifolds on M exists such that the fibred submanifoldR̄1 = ϕ̄−1(M × {0}) defines the
system(2).
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Proposition 3.3. The first prolongation of the symbol ofϕ : J1(FM) → E′ onProposition
3.1, σ1 :J1(FM) ×M (S2T ∗ ⊗ E) → T ∗ ⊗ R

3(m−2) ∼= ⊕3(m−2)T ∗, is given by

(σ1)
i−3(j1

xs, [f ]2x ⊗ v) = (ω1(Yi)d(X3f ) − ω1(Y3)d(Xif ))(x),

(σ1)
m−6+i(j1

xs, [f ]2x ⊗ v) = (ω1(Yi)d(X2f ) − ω1(Y2)d(Xif ))(x),

(σ1)
2m−5(j1

xs, [f ]2x ⊗ v) = 2[ω1(Y3)d(X1f ) − ω1(Y1)d(X3f )](x)

+
m∑
l=4

[ωl(Y3)d(Xlf ) − ωl(Yl)d(X3f )](x),

(σ1)
2m−4(j1

xs, [f ]2x ⊗ v) = 2[ω1(Y2)d(X1f ) − ω1(Y1)d(X2f )](x)

+
m∑
l=4

[ωl(Y2)d(Xlf ) − ωl(Yl)d(X2f )](x),

(σ1)
2m−3(j1

xs, [f ]2x ⊗ v) = (ω1(Y3)d(X2f ) − ω1(Y2)d(X3f ))(x),

(σ1)
2m−6+i(j1

xs, [f ]2x ⊗ v) = (ωi(Y3)d(X2f ) − ωi(Y2)d(X3f ))(x) (5)

for 4 ≤ i ≤ m, wheres = (X1, . . . , Xm) with dual coframe(ω1, . . . , ωm), we setv =
((Y1)x, . . . , (Ym)x), and we have used the same notations as inSection 2.2.

Proof. Letp : E = ⊕mT → M, p′ : E′ = M × R
3(m−2) → M be the natural projections.

By using the natural identificationJ1E′ ∼= E′ ⊕ (⊕3(m−2)T ∗), j1
xs

′ ∼= (x, s′(x); (ds′)x), the
first prolongation ofϕ is given byp1(ϕ)(j

2
xs) = j1

x(ϕ ◦ j1s) = (ϕ(j1
xs); d(ϕj ◦ j1s)(x)),

1 ≤ j ≤ 3(m − 2).
Let f ∈ mx, if Xj = f i

j∂/∂x
i, Yj = gij∂/∂x

i, one hasXj + f Yj = hij∂/∂x
i, with

hij = f i
j + fgij, with ηi = hj

i dxj the components of the dual coframe ofs̃ = (X1 +
f Y1, . . . , Xm + f Ym). Thenj2

x s̃ = [f ]2x ⊗ v + j2
xs, and we have

σ1(j
1
xs, [f ]2x ⊗ v)

= σ(p1(ϕ))(j
1
xs, [f ]2x ⊗ v) = p1(ϕ)([f ]2x ⊗ v + j2

xs) − p1(ϕ)(j
2
xs)

= j1
x(ϕ ◦ j1s̃) − j1

x(ϕ ◦ j1s) = (ϕ(j1
x s̃); d(ϕj ◦ j1s̃)(x)) − (ϕ(j1

xs); d(ϕj ◦ j1s)(x))

= (0; d(ϕj ◦ j1s̃)(x) − d(ϕj ◦ j1s)(x)).

Hence, for 4≤ i ≤ m, we have

ϕi−3 ◦ j1s̃= η1([X3 + f Y3, Xi + f Yi]) = η1([X3, Xi] + (X3f )Yi − (Xif )Y3)

+ fη1([Y3, Xi] − [Yi,X3] + (Y3f )Yi − (Yif )Y3 + f [Y3, Yi]).

Taking into account thatf(x) = 0 and(df )x = 0 as [f ]2x ∈ m2
x, we obtain

d(ϕi−3 ◦ j1s̃)(x)= −(i[X3,Xi] dη1)x + (L[X3,Xi]η
1)x + (X3f )x(LYiη

1)x

+ η1(Yi)x d(X3f )(x) − (Xif )x(LY3η
1)x − η1(Y3)x d(Xif )(x).
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As (∂hj
i/∂xk)(x) = (∂fj

i/∂xk)(x)∀Z ∈ X(M) we haveη1(Z)x = ω1(Z)x, (iZ dη1)x =
(iZ dω1)x and(LZη

1)x = (LZω
1)x. Hence,

(σ1)
i−3(j1

xs, [f ]2x ⊗ v) = ω1(Yi)d(X3f )(x) − ω1(Y3)d(Xif )(x). (6)

We proceed similarly for the rest of components. �

3.2. Characteristics

A first-order PDE system is called a Cauchy–Kovalevskaya system if it can be written as
follows:

∂uβ

∂xm
= Φβ

(
xi, uα,

∂uα

∂xh

)
, 1 ≤ h ≤ m − 1. (7)

If in (7) Φβ are analytic on a neighbourhood of an analytic initial data then the Cauchy
problem has a unique analytic solution (cf.[9, Theorem 1.1]).

Let π : P → M be a fibred manifold with dimM = m, dimP = m + n, let M ′ be
the hypersurface onM described in a neighbourhood ofx0 ∈ M ′ by the equationxm = 0,
where(xi) is a coordinate system centred atx0, and let

Fβ(xi, yα, yαi ) = 0 (8)

be the PDE system that describes a fibred submanifoldR1 ofπ1 : J1P → M on a neighbour-
hood ofj1

x0
s, (xi, yα, yαi ) being the induced coordinates system onJ1P . The pointx0 is said

to be non-characteristic if and only if(8) can locally be written as a Cauchy–Kovalevskaya
system; i.e. det(∂Fβ/∂yαm)(j

1
x0
s) �= 0; otherwise,x0 is said to be a characteristic point.

The submanifoldM ′ is said to be characteristic if every pointx0 ∈ M ′ is characteri-
stic.

In the PDE systems(1) and (2)the number of unknown functions is much greater than
the number of equations; hence they are underdetermined systems. Accordingly, in order
to study if the systems(1) and (2)are (generalized) Cauchy–Kovalevskaya systems we first
need to introduce the notion of a characteristic submanifold for an arbitrary PDE system
R1 ⊂ J1P of codimensionν ≤ n. Let M ′ be a hypersurface ofM, dimM ′ = m − 1.
A point x0 ∈ M ′ is said to be non-characteristic ofR1 if there existsj1

x0
s ∈ R1 such

that

dim[(T 0
x0
M ′ ⊗ Vs(x0)P) ∩ Tj1

x0
sR

1] = n − ν,

whereT 0
x0
M ′ = {w ∈ T ∗

x0
M|w(v) = 0∀v ∈ Tx0M

′} andT 0
x0
M ′ ⊗Vs(x0)P is identified with

a subspace ofε(T ∗
x0
M ⊗ Vs(x0)P) ⊂ Tj1

x0
s(J

1P).

Proposition 3.4. With the previous notations, let (xi, yα) be a fibred coordinate system for
π such that in a neighbourhood ofx0 ∈ M ′ the hypersurfaceM ′ is defined byxm = 0 and
let Fk(xi, yα, yαi ) = 0, 1 ≤ k ≤ ν, be the equations describingR1 in a neighbourhood of
j1
x0
s. The pointx0 is non-characteristic if and only if
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rk

(
∂Fk

∂yαm
(j1

x0
s)

)k

α

 = ν.

Proof. Taking into account that(∂/∂yαm)j1
x0
s is a basis forT 0

x0
M ′⊗Vs(x0)P and thatTj1

x0
sR

1 =
{v ∈ Tj1

x0
s(J

1P)|dFk(v) = 0,1 ≤ k ≤ ν}, we have

v ∈ (T 0
x0
M ′ ⊗ Vs(x0)P) ∩ Tj1

x0
sR

1 ⇔


v = λα

(
∂

∂yαm

)
j1
x0
s

,

0 = ∂Fk

∂yαm
(j1

x0
s)λα, 1 ≤ k ≤ ν,

and hence dim[(T 0
x0
M ′ ⊗ Vs(x0)P) ∩ Tj1

x0
sR

1] = n − rk(∂Fk/∂yαm(j
1
x0
s)). �

Corollary 3.5. If x0 ∈ M ′ is not a characteristic point, then there exist indicesj1, . . . , jν,
with 1 ≤ j1 < · · · < jν ≤ n, such that the systemR1 can locally be written asyjkm =
Φk(xi, yα, yαi ), 1 ≤ k ≤ ν, (i, α) /∈ {(m, j1), . . . , (m, jν)}. If, for the sake of simplicity, we
supposej1 = 1, . . . , jν = ν, then the solutions toR1 are given by

∂uk

∂xm
= Φk

(
xi, uα,

∂uα

∂xj
,
∂uγ

∂xm

)
, 1 ≤ k ≤ ν, 1 ≤ j ≤ m − 1, ν + 1 ≤ γ ≤ n,

and thereforeR1 is a generalized Cauchy–Kovalevskaya system where the functionsuγ ,
ν + 1 ≤ γ ≤ n, remain indeterminate.

Proposition 3.6. Every hypersurface of M is characteristic for the systems(1) and(2).

Proof. We only prove the statement for the system(1), the other case being similar. Let
(xi) be a coordinate system such thatM ′ is given byxm = 0 in a neighbourhood of
x0 ∈ M ′. We sets(x0) = (λi1(∂/∂x

i)x0, . . . , λ
i
m(∂/∂x

i)x0), for scalarsλij ∈ R. According to
Proposition 3.4, we have

dim[(T 0
x0
M ′ ⊗ Vs(x0)(FM)) ∩ Tj1

x0
sR

1] = m2 − r,

wherer is the rank of the 3(m − 2) × m2-matrix Λ = (∂ϕk/∂xam,b(j
1
x0
s))ka,b, ϕ = (ϕk)

being the morphism in(3). First, assumem ≥ 4 and let us prove thatr < 3(m −
2). Let Cab be the columns ofΛ, written in the opposite lexicographical order. From
the equations of the submersionϕ in Proposition 3.1, it follows that the rank ofΛ co-
incides with the rank of the submatrix whose columns areCa1, . . . , Cam, that
is,
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0 0 −λa
1λm

4 λa
1λm

3 · · · 0
...

...
...

...
. . .

...

0 0 −λa
1λm

m 0 · · · λa
1λm

3

0 −λa
1λm

4 0 λa
1λm

2 · · · 0
...

...
...

...
. . .

...

0 −λa
1λm

m 0 0 · · · λa
1λm

2

−2λa
1λm

3 0 2λa
1λm

1 + ∑m

l=4 λa
lλm

l −λa
4λm

3 · · · −λa
mλm

3

−2λa
1λm

2 2λa
1λm

1 + ∑m

l=4 λa
lλm

l 0 −λa
4λm

2 · · · −λa
mλm

2

0 −λa
1λm

3 λa
1λm

2 0 · · · 0

0 −λa
4λm

3 λa
4λm

2 0 · · · 0
...

...
...

...
. . .

...

0 −λa
mλm

3 λa
mλm

2 0 · · · 0



.

It is easily checked that the lastm− 2 rows are proportional to each other and the columns
Ca1 andCab, 4 ≤ b ≤ m, are proportional toC11 andC1b, respectively. Therefore,r is
equal to the rank of the following matrix of order(2m − 3) × (3m − 2):



0 0 −λa
1λm

4 λ1
1λm

3 · · · 0
...

...
...

...
. . .

...

0 0 −λa
1λm

m 0 · · · λ1
1λm

3

0 −λa
1λm

4 0 λ1
1λm

2 · · · 0
...

...
...

...
. . .

...

0 −λa
1λm

m 0 0 · · · λ1
1λm

2

−λ1
1λm

3 0 2λa
1λm

1 + ∑m

l=4 λa
lλm

l −λ1
4λm

3 · · · −λ1
mλm

3

−λ1
1λm

2 2λa
1λm

1 + ∑m

l=4 λa
lλm

l 0 −λ1
4λm

2 · · · −λ1
mλm

2

0 −λm
3 λm

2 0 · · · 0


and hencer ≤ 2m − 3 < 3(m − 2), asm ≥ 4.

Next, supposem = 3. Assumingλ1
1 �= 0, from the equations of the submersionϕ in

Proposition 3.1, we have

rk Λ = rk


−λa

1λ3
3 0 λa

1λ3
1

−λa
1λ3

2 λa
1λ3

1 0

0 −λa
1λ3

3 λa
1λ3

2

 = rk


λ3

3 0 λ3
1

λ3
2 λ3

1 0

0 −λ3
3 λ3

2

 < 3,

thus concluding the proof. �
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3.3. Curvature of(1) and (2)

Proposition 3.7. Letϕ be the morphism given inProposition 3.1.Let(U; xi)be a coordinate
system centred at a pointx ∈ U ⊆ M, such thatxij(s(x)) = δij. The system of covectors

w = (w1, . . . , w3(m−2)), wk = λkj(dx
j)x ∈ T ∗

x , belongs toim(σ1)j1
xs

if and only if the
following equations hold:

λi−3
2 − λm−6+i

3 + λ2m−3
i = 0, 4 ≤ i ≤ m,

2λ2m−3
1 +

m∑
h=4

λ2m−6+h
h − λ2m−5

2 + λ2m−4
3 = 0. (9)

Therefore, rk(σ1)j1
xs

= 3m2 − 7m + 2∀j1
xs ∈ J1(FM).

Proof. FromEq. (6), and with the same notations as inProposition 3.3, for 4 ≤ i ≤ m we
have

(σ1)
i−3(j1

xs, [f ]2x ⊗ v)= (dx1(Yi)d(X3f ) − dx1(Y3)d(Xif ))(x)

=
(
g1
i d

(
δh3

∂f

∂xh

)
− g1

3

(
δhi

∂f

∂xh

))
(x)

=
((

g1
i

∂2f

∂x3∂xj
− g1

3
∂2f

∂xi∂xj

)
(dxj)

)
(x).

Let ti
j,hk = tij,I , I = (h, k) be the coordinates of [f ]2x ⊗ v ∈ S2T ∗

x ⊗ Ex introduced in

Section 2.2. From the above computation we have(σ1)
i−3
j1
xs

= (t1i,3j − t13,ij )(dx
j)x, 4 ≤ i ≤

m. Similarly, we obtain

(σ1)
m−6+i

j1
xs

= (t1i,2j − t12,ij )(dx
j)x, 4 ≤ i ≤ m,

(σ1)
2m−5
j1
xs

=
(

2(t13,1j − t11,3j) +
m∑

h=4

(th3,hj − thh,3j)

)
(dxj)x,

(σ1)
2m−4
j1
xs

=
(

2(t12,1j − t11,2j) +
m∑

h=4

(th2,hj − thh,2j)

)
(dxj)x,

(σ1)
2m−3
j1
xs

= (t13,2j − t12,3j)(dx
j)x,

(σ1)
2m−6+i

j1
xs

= (ti3,2j − ti2,3j)(dx
j)x, 4 ≤ i ≤ m. (10)

Accordingly, the system of covectorsλkj(dx
j)x, 1 ≤ k ≤ 3(m− 2), belongs to im(σ1)j1

xs
if

and only if the following system has a solution:

λi−3
j = t1i,3j − t13,ij , 4 ≤ i ≤ m, λm−6+i

j = t1i,2j − t12,ij , 4 ≤ i ≤ m,

λ2m−5
j = 2(t13,1j − t11,3j) +

m∑
h=4

(th3,hj − thh,3j),
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λ2m−4
j = 2(t12,1j − t11,2j) +

m∑
h=4

(th2,hj − thh,2j), λ2m−3
j = t13,2j − t12,3j,

λ2m−6+i
j = ti3,2j − ti2,3j, 4 ≤ i ≤ m. (11)

Then, it is readily checked thatEq. (9) in the statement are necessary conditions for the
system(11) to be compatible. Moreover, they are also sufficient as if(9) hold, then a
particular solution to(11) is given by

t1i,3j = λi−3
j , ti3,ij = 1

m − 3
λ2m−5
j , j �= 2,

t1i,2j = λm−6+i
j , ti2,ij = 1

m − 3
λ2m−4
j , j �= 3,

t12,3i = −λm−6+i
3 , ti2,3i = 1

m − 3
λ2m−4

3 , t13,2i = −λi−3
2 ,

ti3,2i = λ2m−6+i
i + 1

m − 3
λ2m−4

3 , t13,2j = λ2m−3
j , j = 1,2 or 3,

ti3,2j = λ2m−6+i
j , j �= i, t1h,jk = 0 otherwise,

where 4≤ i ≤ m, and this completes the proof. �

Theorem 3.8. The curvature of the system(1), Ω : R1 → (T ∗ ⊗ E′)/im σ1, Ω(j1
xs) =

p1(ϕ)(j
2
xs)mod imσ1, vanishes.

Proof. The curvature of(1) vanishes if and only if the system of covectorsp1(ϕ)(j
2
xs) =

(d(ϕ1◦j1s)(x), . . . ,d(ϕ3(m−2)◦j1s)(x)) belongs to imσ1, for everyj1
xs ∈ R1; that is, if and

only if the system of covectorsλkj(dx
j)x, withλkj = (∂(ϕk◦j1s)/∂xj)(x), 1 ≤ k ≤ 3(m−2),

satisfy the system(9).
Let (xi) be a coordinate system such thatxij(s(x)) = δij. We set

Aa
b,c =

(
∂f a

b

∂xc

)
(x), Aa

b,ch =
(

∂2fa
b

∂xc∂xh

)
(x). (12)

As j1
xs ∈ R1, from the system(1), we have

A1
i,a − A1

a,i = 0, 4 ≤ i ≤ m, a = 2,3,

2(A1
a,1 − A1

1,a) +
m∑

h=4

(Ah
a,h − Ah

h,a) = 0, a = 2,3,

A
j

3,2 − A
j

2,3 = 0, j �= 2,3 (13)

and fromProposition 3.1, we obtain

∂(ϕi−3 ◦ j1s)

∂xj
(x) = −A1

k,j(A
k
i,3 − Ak

3,i) + Ak
3,jA

1
i,k − Ak

i,jA
1
3,k + A1

i,3j − A1
3,ij ,

∂(ϕm−6+i ◦ j1s)

∂xj
(x) = −A1

k,j(A
k
i,2 − Ak

2,i) + Ak
2,jA

1
i,k − Ak

i,jA
1
2,k + A1

i,2j − A1
2,ij ,
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∂(ϕ2m−5 ◦ j1s)

∂xj
(x) = 2[A1

k,j(A
k
1,3 − Ak

3,1) + Ak
1,jA

1
3,k − Ak

3,jA
1
1,k + A1

3,1j − A1
1,3j]

+
m∑
l=4

[Al
k,j(A

k
l,3−Ak

3,l)−Ak
3,jA

l
l,k+Ak

l,jA
l
3,k+Al

l,3j−Al
3,lj ],

∂(ϕ2m−4 ◦ j1s)

∂xj
(x) = 2[A1

k,j(A
k
1,2 − Ak

2,1) + Ak
1,jA

1
2,k − Ak

2,jA
1
1,k + A1

2,1j − A1
1,2j]

+
m∑
l=4

[Al
k,j(A

k
l,2−Ak

2,l)−Ak
2,jA

l
l,k+Ak

l,jA
l
2,k−Al

l,2j+Al
2,lj ],

∂(ϕ2m−3 ◦ j1s)

∂xj
(x) = −A1

k,j(A
k
3,2 − Ak

2,3) + Ak
2,jA

1
3,k − Ak

3,jA
1
2,k + A1

3,2j − A1
2,3j,

∂(ϕ2m−6+i ◦ j1s)

∂xj
(x) = −Ai

k,j(A
k
3,2 − Ak

2,3) + Ak
2,jA

i
3,k − Ak

3,jA
i
2,k + Ai

3,2j − Ai
2,3j

with 4 ≤ i ≤ m. Taking into accountEq. (13), it is readily checked thatλkj = ∂(ϕk ◦
j1s)/∂xj(x), 1 ≤ k ≤ 3(m − 2), satisfy the system(9). �

Theorem 3.9. The curvature of the system(2), Ω : R̄1 → (T ∗ ⊗ E′)/im σ̄1, Ω(j1
xs) =

p1(ϕ̄)(j
2
xs)mod imσ̄1, vanishes.

Proof. The result follows fromProposition 3.2proceeding as in the proofs ofPropositions
3.3 and 3.7andTheorem 3.8. �

3.4. Integrability of the systems(1) and (2)

Proposition 3.10. Letϕ be the morphism given inProposition 3.1. With the same notations
as inSection 2.3, we setg1 = kerσ, g2 = kerσ1. Then, we havedimg1,u = m3 −3(m−2)
anddimg2,u = (1/2)(m4 +m3 −6m2 +14m−4) for everyu ∈ FM. Similarly, let ϕ̄ be the
morphism given inProposition 3.2. We set̄g1 = ker σ̄, ḡ2 = ker σ̄1. Then, for everyu ∈ FM
we havedim ḡ1,u = m3 − 3(m − 1) anddim ḡ2,u = (1/2)(m4 + m3 − 6m2 + 8m − 2).

Proof. Givenu ∈ FxM, let (xi, xij) be such thatxij(u) = δij. Hence with the same notations
as in Section 2.2, by using the argument at the end of the proof ofProposition 3.1we
conclude that an elementξ ∈ T ∗

x ⊗Ex, with coordinatestij,k = tij,k(ξ), belongs to kerσu, if
and only if the following system of equations holds:

t1i,a − t1a,i = 0, 4 ≤ i ≤ m, a = 2,3,

2(t1a,1 − t11,a) +
m∑

h=4

(tha,h − thh,a) = 0, a = 2,3,

t
j

3,2 − t
j

2,3 = 0, j �= 2,3. (14)

Therefore, dimg1,u = dim kerσu = m3 − 3(m − 2). From Proposition 3.7, we obtain
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dimg2,u = dim ker(σ1)j1
xs

= (1/2)(m4 +m3 − 6m2 + 14m− 4). The proof of the second
part of the statement follows similarly. �

Theorem 3.11. For everyu ∈ FxM, there exists a quasi-regular basis ofTx for g1 at u.

Proof. For dimM = 3, let us prove that(t1, t2, t3), with ti = (∂/∂xi)x, is a quasi-regular
basis. In this basis the equations of the subspaceg1,u,(t1) of T ∗

x ⊗Ex are:t13,1 = 0, t12,1 = 0,

t12,3 = t13,2, and those ofg1,u,(t1,t2) are:t13,1 = 0, t13,2 = 0 (seeEq. (14)). Hence,

dimg1,u,(t1) + dimg1,u,(t1,t2) = dim(T ∗
x,(t1)

⊗ Ex) − 3 + dim(T ∗
x,(t1,t2)

⊗ Ex) − 2

= 2 · 32 − 3 + 1 · 32 − 2 = 22,

and fromProposition 3.10, we also obtain dimg2,u − dimg1,u = 22.
For dimM = 4, (t1, t2, t3, t4), ti = (∂/∂xi)x, is a quasi-regular basis. In fact, in this basis

the equations ofg1,u,(t1) are:t13,4 = t14,3, t12,4 = t14,2,−2t13,1 = t43,4−t44,3,−2t12,1 = t42,4−t44,2,

t12,3 = t13,2, t42,3 = t43,2, those ofg1,u,(t1,t2) are:t13,4 = t14,3, t14,2 = 0, −2t13,1 = t43,4 − t44,3,

t44,2 = 0, t13,2 = 0, t43,2 = 0, and those ofg1,u,(t1,t2,t3) are: t14,3 = 0, t14,2 = 0, t44,3 = 0,

t44,2 = 0 (seeEq. (14)). Hence, dimg1,u,(t1) + dimg1,u,(t1,t2) + dimg1,u,(t1,t2,t3) = 80, and
from Proposition 3.10we also obtain dimg2,u − dimg1,u = 80.

Finally, for dimM = m ≥ 5, let us consider the basis(t1, . . . , tm), given by tj =
aj

i(∂/∂xi)x, (aij) ∈ GL(m; R) with dual basisαj = a
j
i (dx

i)x. Let us denote bȳthi,k the

coordinates ofξ ∈ T ∗
x ⊗ Ex with respect to the basisαi in T ∗

x and the usual basis inEx;
hence,tikj = ak

ht̄ih,j. Leta2
m = a3

m = 0. The equations ofT ∗
x,(t1,...,tm−1)

⊗Ex in T ∗
x ⊗Ex are

t̄ik,j = 0, k �= m and, therefore,tik,j = ak
mt̄im,j. Hence, the equations ofg1,u,(t1,...,tm−1) are

ai
mt̄1m,b = 0, 4 ≤ i ≤ m, b = 2,3, 2a1

mt̄1m,b +
m∑
l=4

al
mt̄lm,b = 0, b = 2,3.

By taking ai
m �= 0, 4 ≤ i ≤ m, we have dimg1,u,(t1,...,tm−1) = m2 − 2(m − 2). For

r ≤ m − 2, the equations ofT ∗
x,(t1,...,tr)

⊗ Ex in T ∗
x ⊗ Ex are t̄ik,j = 0, 1 ≤ k ≤ r, and

thereforetik,j = ∑m
h=r+1 ak

ht̄ih,j. Hence, the equations ofg1,u,(t1,...,tr) are

m−1∑
h=r+1

(ab
ht̄1h,i − ai

ht̄1h,b) + ai
mt̄1m,b = 0, 4 ≤ i ≤ m, b = 2,3,

2

 m−1∑
h=r+1

(a1
ht̄1h,b − ab

ht̄1h,1) + a1
mt̄1m,b


+

m∑
l=4

 m−1∑
h=r+1

(al
ht̄lh,b − ab

ht̄lh,l) + al
mt̄lm,b

 = 0, b = 2,3,

m−1∑
h=r+1

(a2
ht̄

j

h,3 − a3
ht̄

j

h,2) = 0, j �= 2,3. (15)
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If a2
m−1 �= 0, the 3(m − 2) equations in(15) are independent as it is readily checked.

Hence, dimg1,u,(t1,...,tr) = m2(m − r) − 3(m − 2) for 1 ≤ r ≤ m − 2. Therefore

m−1∑
j=1

dimg1,u,(t1,...,tj) =
m−2∑
j=1

dimg1,u,(t1,...,tj) + dimg1,u,(t1,...,tm−1)

=
m−2∑
j=1

(m2(m − j) − 3(m − 2)) + m2 − 2(m − 2)

= 1

2
(m4 − m3) − 3m2 + 10m − 8 = dimg2,u − dimg1,u. �

Behaving as in the proof ofTheorem 3.11we obtain the following theorem.

Theorem 3.12. For everyu ∈ FxM there exists a quasi-regular basis ofTx for ḡ1 at u.

Theorem 3.13. The PDE systems(1) and(2) are formally integrable.

Proof. From Proposition 3.10we deduce thatg2 is a vector bundle overR1. Then, as
the curvature of(1) vanishes by virtue ofTheorem 3.8, we deduce thatπ2

1 : R2 → R1

is surjective and, inTheorem 3.11, we obtained a quasi-regular basis ofTx for g1 at u.
Therefore (see[2, IX, Theorems 2.14 and 2.16; 9, Theorem 1.3]) the systemR1 is formally
integrable. Similarly, fromTheorems 3.9 and 3.12we obtain the corresponding result for
R̄1. �

Corollary 3.14. LetR1 (resp.R̄1) be the Euler–Lagrange equations defined byΩ1
23 (resp.

Ω1
12). For everyj1

x0
s0 ∈ R1 (resp.j1

x0
s̄0 ∈ R̄1) there exists a sections : U → FM (resp.

s̄ : U → FM) of classC∞ on a neighbourhood ofx0 such that: (i) s (resp.s̄) is a solution
to R1 (resp.R̄1); i.e., j1

xs ∈ R1 (resp.j1
x s̄ ∈ R̄1) ∀x ∈ U, and (ii) j1

x0
s = j1

x0
s0 (resp.

j1
x0
s̄ = j1

x0
s̄0).

Proof. While M is not a manifold of classCω, once an open coordinate domain(U; xi)
has been fixed,R1 and R̄1 are analytic submanifolds inJ1(FU) with respect to theCω

structure induced by the coordinate system considered, as follows from the equations of
the submersionsϕ andϕ̄ in Propositions 3.1 and 3.2, respectively. Hence,R1 andR̄1 being
formally integrable, we can apply Kuranishi’s theorem (see[2, IX, Theorem 3.3]) in order
to ensure the existence of a solutions (resp.s̄) of classCω with respect to the coordinates
chosen. �

Corollary 3.14ensures the existence of local solutions to Euler–Lagrange equations of
Ω1

23 andΩ1
12, but topological obstructions may exist to the existence of global solutions.

For example, if dimM = 3, thenEqs. (1) and (2)are equivalent to saying that dω1 = 0 and
dω1 = 0, dω3 = 0, respectively, where(ω1, ω2, ω3) is the dual coframe and the existence
of a closed, non-singular 1-form on a compact 3-manifold imposes restrictive conditions
on its topology; for example, see[3,20].
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3.5. Integrability of the Jacobi equations

Let F be an open fibred submanifold in a vector bundleπ : E → M and letΓ(M,F)

be the Fréchet manifold of the sections ofπ (cf. [11, I, Sections 4 and 4.1.2]). The tangent
space toΓ(M,F) at a sections can be identified toΓ(M, s∗VF), whereVF ⊂ TF denotes
the vertical sub-bundle (cf.[11, I, Sections 4 and 4.3.3]). Moreover, there is a natural
isomorphismE ∼= s∗VF. Everyξ ∈ Γ(M,E) is identified to the vector fieldXξ defined by
(Xξ)xf = (df(s(x) + tξ(x))/dt)|t=0.

We denote byX(1) the infinitesimal contact transformation associated to a vector fieldX

in F ; e.g., see[15,17].
Let D : Γ(M,F) → Γ(M,W) be a differential operator defined on the space of smooth

sections ofF taking values into another vector bundleW → M. Then, the linearization of
D alongs ∈ Γ(M,F) is the linear differential operatorD′

s : Γ(M,E) → Γ(M,W) defined
by (see[7, Section 3; 9, Section 1.7])

D′
s(ξ) = d

dt
D(s + tξ)

∣∣∣∣
t=0

= lim
t→0

D(s + tξ) − D(s)

t
.

If Ωm is a Lagrangian density onJ1F andΘ is its Poincaré–Cartan form (cf.[14]), then
a sections of π : F → M is an extremal ofΩm, if and only if it satisfies the so-called
Hamilton–Cartan equations:(j1s)∗(iY dΘ) = 0∀Y ∈ X(J1F) (see[15,17]). On a coor-
dinate system(xi, yα, yαi ) the Hamilton–Cartan equations are equivalent to the following
equations:(j1s)∗(i∂/∂yα dΘ) = 0.

Proposition 3.15. With the same hypotheses and notations as above, we setW = ⊕n∧mT ∗
and we denote byΓ(πU,F) the space of smooth sections ofπ over an open subsetπU ⊆
M, (U; xi, yα) being a fibred coordinate domain in F. LetH : Γ(πU,F) → Γ(πU,W)

be the differential operator defined as follows: H(s) = (j1s)∗(i∂/∂yα dΘ). The linearized
operator H ′

s : Γ(πU,E) → Γ(πU,W) at an extremals of Ωm is given byH ′
s(ξ) =

(j1s)∗(i∂/∂yαLX
(1)
ξ

dΘ).

Proof. We can assumeξ has compact support. LetZ be a vertical vector field onE with
compact support such thatZs(x) = (Xξ)x ∀x ∈ πU (see[13, I, Theorem 5.7]). Let St :
πU → E beSt(x) = s(x) + tξ(x). There is a sectionψt : πU → E such thatϕt ◦ s =
St + t2ψt , ϕt being the flow ofZ. Hence(j1St)

∗(i∂/∂yα dΘ) = (j1s)∗(J1ϕt)
∗(i∂/∂yα dΘ) +

t2ωα
t , for certainm-formsωα

t on M. ThereforeH ′
s(ξ) = (j1s)∗(LZ(1) i∂/∂yα dΘ). As s is

an extremal,(j1s)∗(i[Z(1),∂/∂yα] dΘ) = 0, and we have(j1s)∗(LZ(1) i∂/∂yα dΘ) = (j1s)∗
(i∂/∂yαLX

(1)
ξ

dΘ). �

Let S ⊂ Γ(M,F) be the set of extremals ofΩm. The Jacobi fields are the solutions to
the linearized Hamilton–Cartan equation; that is, a Jacobi field along an extremals ∈ S is
a π-vertical vector field defined alongs, X ∈ Γ(M, s∗VF), satisfying the Jacobi equation
(j1s)∗(iYLX(1) dΘ) = 0∀Y ∈ X(J1E), which is proved to be locally equivalent to the
equations(j1s)∗(i∂/∂yαLX(1) dΘ) = 0. Hence Jacobi fields alongs can be thought of as
being the tangent space ats to the “manifold”S, and therefore we denote them byTsS.
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Proposition 3.16. With the same hypotheses as above, letΦ : J1F → W be a quasi-linear
morphism, let D : Γ(M,F) → Γ(M,W) be the first-order operatorD = Φ ◦ j1 and let
D′

s = Ψs ◦ j1 : Γ(M,E) → Γ(M,W) be the linearized operator of D alongs ∈ Γ(M,F),
whereΨs : J1E → W is the associated linear morphism. Then the symbol ofΨs over
F ⊂ E equals the symbol ofΦ.

Corollary 3.17. With the same hypotheses and notations as inProposition 3.16, we have
kerσ(Ψs) = kerσ(Φ) = g1 andkerσ1(Ψs) = kerσ1(Φ) = g2.

SetW = ⊕m2
(∧mT ∗). Let H , H̄ : Γ(πU,FM) → Γ(πU,W) be the differential opera-

tors defined byH(s) = s∗(i∂/∂xij dΘ1
23), H̄(s) = s∗(i∂/∂xij dΘ1

12), whereΘ1
23, Θ

1
12 are the

Poincaré–Cartan forms associated to the densitiesΩ1
23, Ω

1
12 respectively (seeSection 2.5).

The formsΘ1
23, Θ

1
12 areπ1-projectable ontoFM; for the proof of this result and the local

expression ofΘ1
23, Θ

1
12, we refer the reader to[16, Theorem 3.1]. Hence, in the defini-

tion of H , H̄ , it is not necessary to consider the 1-jet prolongation of the sections. We
claim thatH−1{0} = ϕ−1(M × {0}) (resp.H̄−1{0} = ϕ̄−1(M × {0})), whereϕ (resp.ϕ̄)
is the morphism defined inProposition 3.1(resp.Proposition 3.2). In fact, as it is proved
in [16, Section 3.3], the equationsϕi(j1

xs) = 0, 1 ≤ i ≤ 3(m − 2) (resp.ϕ̄i(j1
xs) = 0,

1 ≤ i ≤ 3(m−1)), describingR1 = ϕ−1(M×{0}) (resp.R̄1 = ϕ̄−1(M×{0}) in J1(FM)),
are equivalent to the Euler–Lagrange equations ofΩ1

23 (resp.Ω1
12).

Let S andS̄ be the sets of extremals ofΩ1
23 andΩ1

12, respectively, and letE = ⊕mT .
For everys ∈ S, let H ′

s, H̄
′
s : Γ(M,E) → Γ(M,W) be the linearized operators along

s, i.e.,H ′
s(ξ) = s∗(i∂/∂xijLXξ

dΘ1
23), H̄

′
s(ξ) = s∗(i∂/∂xijLXξ

dΘ1
12), whereXξ is the vector

field associated withξ, as defined at the beginning of this section. Jacobi fields can also be
described by less equations than those expected. In fact, according to[16, formula (39)],
we have kerH ′

s = ker(ψs ◦ j1), whereψs : J1E → M × R
3(m−2) is given by

ψi−3
s (j1

xξ) = (X
(1)
ξ L

1
3i ◦ j1s)(x), 4 ≤ i ≤ m,

ψm−6+i
s (j1

xξ) = (X
(1)
ξ L

1
2i ◦ j1s)(x),

ψ2m−5
s (j1

xξ) =
((

2X(1)
ξ L

1
31 +

m∑
l=4

X
(1)
ξ L

l
3l

)
◦ j1s

)
(x), 4 ≤ i ≤ m,

ψ2m−4
s (j1

xξ) =
((

2X(1)
ξ L

1
21 +

m∑
l=4

X
(1)
ξ L

l
2l

)
◦ j1s

)
(x),

ψ2m−3
s (j1

xξ) = (X
(1)
ξ L

1
23 ◦ j1s)(x),

ψ2m−6+i
s (j1

xξ) = (X
(1)
ξ L

i
23 ◦ j1s)(x), 4 ≤ i ≤ m. (16)

ForΩ1
12 we also have ker̄H ′

s = ker(ψ̄s ◦ j1), whereψ̄s : J1E → M × R
3(m−1) is given by

ψ̄i−2
s (j1

xξ) = (X
(1)
ξ L

1
2i ◦ j1s)(x), 3 ≤ i ≤ m,

ψ̄m−4+i
s (j1

xξ) = (X
(1)
ξ L

1
1i ◦ j1s)(x), 3 ≤ i ≤ m,
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ψ̄2m−3
s (j1

xξ) =
((

m∑
l=3

X
(1)
ξ L

l
2l

)
◦ j1s

)
(x),

ψ̄2m−2
s (j1

xξ) =
((

m∑
l=3

X
(1)
ξ L

l
1l

)
◦ j1s

)
(x),

ψ̄2m−1
s (j1

xξ) = (X
(1)
ξ L

1
12 ◦ j1s)(x),

ψ̄2m−3+i
s (j1

xξ) = (X
(1)
ξ L

i
12 ◦ j1s)(x), 3 ≤ i ≤ m. (17)

In what follows, we denote byR1
s = kerψs (resp.R̄1

s = kerψ̄s) the PDEs defined by the
Jacobi fields along an extremals of Ω1

23 (resp.Ω1
12).

Proposition 3.18. The fibred morphisms(16) and (17) are surjective. Hence, R1
s and R̄1

s

are vector sub-bundles.

Proof. We prove thatψs is surjective; the proof for̄ψs is similar. Let(U; xi) be a coordinate
system centred at a pointx ∈ U ⊆ M, such thatxij(s(x)) = δij. Let Xξ ∈ s∗VF, Xξ =∑

i,j Φ
i
jE

i∗
j |s,Φi

j ∈ C∞(M), whereEi
j denotes the standard basis ofgl(m; R); i.e.,(Ei

j)
h
k =

δhi δ
j

k, andEi∗
j denotes the fundamental vector field (e.g., see[13, I, Section 4]) associated

with Ei
j ∈ gl(m; R). According to[16, formula (39)], expandingEq. (16)we conclude that

j1
xξ ∈ R1

s if and only if, denoting by(X1, . . . , Xm) the linear frame induced by the section
s : U → FM, for 4 ≤ i ≤ m, the following equations hold:

(X3Φ
1
i − XiΦ

1
3 + Φh

3(L
1
hi ◦ j1s) − Φh

i (L
1
h3 ◦ j1s) − Φ1

h(L
h
3i ◦ j1s))(x) = 0,

(X2Φ
1
i − XiΦ

1
2 + Φh

2(L
1
hi ◦ j1s) − Φh

i (L
1
h2 ◦ j1s) − Φ1

h(L
h
2i ◦ j1s))(x) = 0,

2(X1Φ
1
3 − X3Φ

1
1 + Φh

1(L
1
h3 ◦ j1s) − Φh

3(L
1
h1 ◦ j1s) − Φ1

h(L
h
13 ◦ j1s))(x)

+
m∑
l=4

(XlΦ
l
3 − X3Φ

l
l + Φh

l (L
l
h3 ◦ j1s) − Φh

3(L
l
hl ◦ j1s) − Φl

h(L
h
l3 ◦ j1s))(x) = 0,

2(X1Φ
1
2 − X2Φ

1
1 + Φh

1(L
1
h2 ◦ j1s) − Φh

2(L
1
h1 ◦ j1s) − Φ1

h(L
h
12 ◦ j1s))(x)

+
m∑
l=4

(XlΦ
l
2 − X2Φ

l
l + Φh

l (L
l
h2 ◦ j1s) − Φh

2(L
l
hl ◦ j1s) − Φl

h(L
h
l2 ◦ j1s))(x) = 0,

(X2Φ
1
3 − X3Φ

1
2 + Φh

2(L
1
h3 ◦ j1s) − Φh

3(L
1
h2 ◦ j1s) − Φ1

h(L
h
23 ◦ j1s))(x) = 0,

(X2Φ
i
3 − X3Φ

i
2 + Φh

2(L
i
h3 ◦ j1s) − Φh

3(L
i
h2 ◦ j1s) − Φi

h(L
h
23 ◦ j1s))(x) = 0. (18)

Given v = (λj) ∈ R
3(m−2), 1 ≤ j ≤ 3(m − 2), let Xξ = ∑

i,j Φ
i
jE

i∗
j |s ∈ s∗VF be any

vector field such that

Φa
b(x) = 0,

∂Φ1
3

∂xi
(x) = −λi−3,

∂Φ1
2

∂xi
(x) = −λm−6+i,

∂Φ1
3

∂x1
(x) = 1

2
λ2m−5,
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∂Φ1
2

∂x1
(x) = 1

2
λ2m−4,

∂Φ1
3

∂x2
(x) = λ2m−3,

∂Φi
3

∂x2
(x) = λ2m−6+i,

∂Φa
b

∂xs
(x) = 0 otherwise

for 4 ≤ i ≤ m. Then, it is straightforward to see thatψs(j
1
xξ) = v, and the result

follows. �

Proposition 3.19. The projectionsπ1
0 : R1

s → E, π1
0(j

1
xξ) = ξx, π̄1

0 : R̄1
s → E, π̄1

0(j
1
xξ) =

ξx, are surjective.

Proof. We prove thatπ1
0 : R1

s → E is surjective; the proof for̄π1
0 : R̄1

s → E is similar. Let
(U; xi) be a coordinate system centred at a pointx ∈ U ⊆ M, such thatxij(s(x)) = δij. Let

Xξ ∈ s∗VF, Xξ = ∑
i,j Φ

i
jE

i∗
j |s, Φi

j ∈ C∞(M). SetBi
j,k = (∂Φi

j/∂x
k)(x), then the system

(18)becomes

B1
i,3 − B1

3,i = µi−3, 4 ≤ i ≤ m, B1
i,2 − B1

2,i = µm−6+i, 4 ≤ i ≤ m,

2(B1
3,1 − B1

1,3) +
m∑
l=4

(Bl
3,l − Bl

l,3) = µ2m−5,

2(B1
2,1 − B1

1,2) +
m∑
l=4

(Bl
2,l − Bl

l,2) = µ2m−4,

B1
3,2 − B1

2,3 = µ2m−3, Bi
3,2 − Bi

2,3 = µ2m−6+i, 4 ≤ i ≤ m, (19)

whereµj, 1 ≤ j ≤ 3(m− 2), are linear functions onΦi
k(x). It is easy to check that, for any

fixed values ofΦi
k(x), the system(19)has a solution. �

Let s = (X1, . . . , Xm) ∈ S,Xj = f i
j∂/∂x

i and let(U; xi) be a coordinate system centred

at a pointx ∈ U ⊆ M, such thatxij(s(x)) = δij. Let ξ ∈ E and letXξ = ∑
i,j Φ

i
jE

i∗
j |s ∈

s∗VF. We setBi
j,hk = (∂2Φi

j/∂x
h∂xk)(x). From(16) we deduce that the first prolongation

of ψs, p1(ψs) : J2E → J1(M × R
3(m−2)), p1(ψs)(j

2
xξ) = j1

x(ψs ◦ j1ξ) is given by

(p1(ψs))
i−3(j2

xξ) = B1
i,3k − B1

3,ik − µi−3
k ,

(p1(ψs))
m−6+i(j2

xξ) = B1
i,2k − B1

2,ik − µm−6+i
k ,

(p1(ψs))
2m−5(j2

xξ) = 2(B1
3,1k − B1

1,3k) +
m∑
l=4

(Bl
3,lk − Bl

l,3k) − µ2m−5
k ,

(p1(ψs))
2m−4(j2

xξ) = 2(B1
2,1k − B1

1,2k) +
m∑
l=4

(Bl
2,lk − Bl

l,2k) − µ2m−4
k ,

(p1(ψs))
2m−3(j2

xξ) = B1
3,2k − B1

2,3k − µ2m−3
k ,

(p1(ψs))
2m−6+i(j2

xξ) = Bi
3,2k − Bi

2,3k − µ2m−6+i
k (20)
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with 4 ≤ i ≤ m, and whereµj

k, 1 ≤ j ≤ 3(m − 2), are linear functions onj1
xξ whose

coefficients are algebraic functions on∂f a
b /∂x

c(x) and∂2fa
b /∂x

c∂xd(x).

Lemma 3.20. SetR2
s = kerp1(ψs). With the same hypotheses and assumptions as above,

for everyj2
xξ ∈ R2

s , the projectionπ2
1(j

2
xξ) = j1

xξ satisfies the equations:

µi−3
2 − µm−6+i

3 + µ2m−3
i = 0, 4 ≤ i ≤ m,

2µ2m−3
1 +

m∑
h=4

µ2m−6+h
h − µ2m−5

2 + µ2m−4
3 = 0. (21)

Proof. From (20) we obtain thatj2
xξ ∈ J2E belongs toR2

s if and only if the following
system has a solution:

µi−3
k = B1

i,3k − B1
3,ik, 4 ≤ i ≤ m,

µm−6+i
k = B1

i,2k − B1
2,ik, 4 ≤ i ≤ m,

µ2m−5
k = 2(B1

3,1k − B1
1,3k) +

m∑
l=4

(Bl
3,lk − Bl

l,3k),

µ2m−4
k = 2(B1

2,1k − B1
1,2k) +

m∑
l=4

(Bl
2,lk − Bl

l,2k),

µ2m−3
k = B1

3,2k − B1
2,3k, µ2m−6+i

k = Bi
3,2k − Bi

2,3k, 4 ≤ i ≤ m. (22)

It is readily checked thatEq. (21)in the statement are necessary conditions for the system
(22) to be compatible. �

Lemma 3.21. Every elementj1
xξ ∈ R1

s satisfies(21).

Proof. We use the same notations as in formula(12), and we setBi
j = Φi

j(x), B
i
j,k =

(∂Φi
j/∂x

k)(x) as above. FromEqs. (16) and (18)we obtain the termsµi−3
2 ,µm−6+i

3 ,µ2m−3
i

in Eq. (20), which are given by

µi−3
2 = Aa

3,2B
1
i,a − Aa

i,2B
1
3,a + Ba

3,2L
1
ai(j

1
xs) − Ba

i,2L
1
a3(j

1
xs) − B1

a,2L
a
3i(j

1
xs)

+ Ba
3
∂(L1

ai ◦ j1s)

∂x2
(x) − Ba

i

∂(L1
a3 ◦ j1s)

∂x2
(x) − B1

a

∂(La3i ◦ j1s)

∂x2
(x),

µm−6+i
3 = Aa

2,3B
1
i,a − Aa

i,3B
1
2,a + Ba

2,3L
1
ai(j

1
xs) − Ba

i,3L
1
a2(j

1
xs) − B1

a,3L
a
2i(j

1
xs)

+ Ba
2
∂(L1

ai ◦ j1s)

∂x3
(x) − Ba

i

∂(L1
a2 ◦ j1s)

∂x3
(x) − B1

a

∂(La2i ◦ j1s)

∂x3
(x),

µ2m−3
i = Aa

2,iB
1
3,a − Aa

3,iB
1
2,a + Ba

2,iL
1
a3(j

1
xs) − Ba

3,iL
1
a2(j

1
xs) − B1

a,iL
a
23(j

1
xs)

+ Ba
2
∂(L1

a3 ◦ j1s)

∂xi
(x) − Ba

3
∂(L1

a2 ◦ j1s)

∂xi
(x) − B1

a

∂(La23 ◦ j1s)

∂xi
(x)
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with 4 ≤ i ≤ m. By usingLabc(j
1
xs) = Aa

c,b − Aa
b,c, we have

µi−3
2 − µm−6+i

3 + µ2m−3
i

= [La23(B
1
i,a − B1

a,i) + La2i(B1
a,3 − B1

3,a) + La3i(B1
2,a − Ba

a,2) + L1
ai(B

a
3,2 − Ba

2,3)

+ L1
a3(B

a
2,i − Ba

i,2) + L1
a2(B

a
i,3 − Ba

3,i)](j
1
xs)

+
[
Ba

3

(
∂(L1

ai ◦ j1s)

∂x2
− ∂(L1

a2 ◦ j1s)

∂xi

)
+ Ba

2

(
∂(L1

a3 ◦ j1s)

∂xi
− ∂(L1

ai ◦ j1s)

∂x3

)

+ Ba
i

(
∂(L1

a2 ◦ j1s)

∂x3
− ∂(L1

a3 ◦ j1s)

∂x2

)

− B1
a

(
∂(La3i ◦ j1s)

∂x2
− ∂(La2i ◦ j1s)

∂x3
+ ∂(La23 ◦ j1s)

∂xi

)]
(x). (23)

As s is an extremal, fromEq. (1)we have

[La23(B
1
i,a − B1

a,i) + La2i(B1
a,3 − B1

3,a) + La3i(B1
2,a − B1

a,2) + L1
ai(B

a
3,2 − Ba

2,3)

+ L1
a3(B

a
2,i − Ba

i,2) + L1
a2(B

a
i,3 − Ba

3,i)](j
1
xs)

= [(L2
23 − L1

13)(B
1
i,2 − B1

2,i) + (L3
23 + L1

12)(B
1
i,3 − B1

3,i)

+ (L2
2i + L3

3i − L1
1i)(B

1
2,3 − B1

3,2)

+ Lj2i(B1
j,3 − B1

3,j) + Lj3i(B1
2,j − B1

j,2) + L1
ji (B

j

3,2 − B
j

2,3)](j
1
xs). (24)

As j1
xξ ∈ R1

s , from (19)and again taking(1) into account, we obtain

B1
i,a − B1

a,i = −Bh
aL

1
hi(j

1
xs) + Bh

i L
1
ha(j

1
xs) + B1

hL
h
ai(j

1
xs)

=
[
−B1

aL
1
1i−

m∑
h=4

Bh
aL

1
hi+B1

i L
1
1a + B1

2L
2
ai + B1

3L
3
ai +

m∑
h=4

B1
hL

h
ai

]
(j1

xs),

a = 2,3,

B
j

3,2 − B
j

2,3 = −Bh
2L

j

h3(j
1
xs) + Bh

3L
j

h2(j
1
xs) + B

j

hL
h
23(j

1
xs)

=
[
−B1

2L
j

13−
m∑

h=4

Bh
2L

j

h3+B1
3L

j

12+
m∑

h=4

Bh
3L

j

h2 + B
j

2L
2
23 + B

j

3L
3
23

]
(j1

xs),

j �= 2,3

with 4 ≤ i ≤ m. By substituting these expressions into(24) and factoring outBa
b, Eq. (24)

becomes

[(L2
23 − L1

13)(B
1
i,2 − B1

2,i) + (L3
23 + L1

12)(B
1
i,3 − B1

3,i) + Lj2i(B1
j,3 − B1

3,j)

+(L2
2i + L3

3i − L1
1i)(B

1
2,3 − B1

3,2) + Lj3i(B1
2,j − B1

j,2) + L1
ji (B

j

3,2 − B
j

2,3)](j
1
xs)
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=
B1

2

L3
3i(L

1
13 − L2

23) + L2
3i(L

3
23 + L1

12)

+
m∑
j=4

(Lj2iL
2
3j + Lj3i(L1

1j − L2
2j) − L1

jiL
j

13)


+B1

3

L3
2i(L

2
23 − L1

13) − L2
2i(L

1
12 + L3

23)

+
m∑
j=4

(Lj2i(L
3
3j − L1

1j) − Lj3iL3
2j + L1

jiL
j

12)

 + B1
i {L1

12(L
2
23 − L1

13)

+L1
13(L

3
23 + L1

12)} +
m∑

h=4

Bh
2

L1
13L

1
hi +

m∑
j=4

(Lj3iL
1
hj − L1

jiL
j

h3)


−Bh

3

L1
hiL

1
12 +

m∑
j=4

(Lj2iL
1
hj − L1

jiL
j

h2)


+B1

h

Lh2iL2
23 + Lh3iL3

23) +
m∑
j=4

(Lj2iL
h
3j − Lj3iLh2j)


 (j1

xs). (25)

Again taking(1) into account, we have[
Ba

3

(
∂(L1

ai ◦ j1s)

∂x2
− ∂(L1

a2 ◦ j1s)

∂xi

)

+Ba
2

(
∂(L1

a3 ◦ j1s)

∂xi
− ∂(L1

ai ◦ j1s)

∂x3

)
+ Ba

i

(
∂(L1

a2 ◦ j1s)

∂x3
− ∂(L1

a3 ◦ j1s)

∂x2

)

−B1
a

(
∂(La3i ◦ j1s)

∂x2
− ∂(La2i ◦ j1s)

∂x3
+ ∂(La23 ◦ j1s)

∂xi

)]
(x)

= [Ba
3{Lb2aL1

bi − L1
iaL

1
12 − Lb2iL1

ba} + Ba
2{L1

iaL
1
13 − Lb3aL1

bi + Lb3iL1
ba}

+Ba
i {L1

3aL
1
12 − L1

2aL
1
13 − Lb32L

1
ba} − B1

a{Lb3iLab2 − Lb32L
a
bi − Lb2iLab3}](j1

xs)

=
[
B1

3

{
m∑

h=4

(Lh21L
1
hi − Lh3iL3

h2 + Lh2i(L3
h3 − L1

h1) − L2
2i(L

1
21 − L3

23))

+L3
2i(L

2
32 − L1

31)

}
+ B1

2

{
m∑

h=4

(Lh3i(L
1
h1 − L2

h2) − Lh31L
1
hi + Lh2iL2

h3)

+L2
3i(L

3
32 − L1

12) − L3
3i(L

2
32 − L1

31)

}
+ B1

i {L2
23L

1
21 + L3

23L
1
31}
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+
m∑

h=4

(
Bh

3

{
m∑
l=4

(Ll2hL
1
li − Ll2iL1

lh) − L1
ihL

1
12

}

−Bh
2

{
m∑
l=4

(Ll3hL
1
li − Ll3iL1

lh) − L1
ihL

1
13

}

−B1
h

{
m∑
l=4

(Ll3iL
h
l2 − Ll2iLhl3) − L2

32L
h
2i − L3

32L
h
3i

})]
(j1

xs).

Hence, substituting(25) and the equations above intoEq. (23)we haveµi−3
2 − µm−6+i

3 +
µ2m−3
i = 0. Similarly we obtain the last equation in(21). �

Proposition 3.22. The projectionπ2
1 : R2

s → R1
s is surjective.

Proof. We use the same notations as above. Given a pointj1
xξ ∈ R1

s , let µj

k, 1 ≤ j ≤
3(m− 2), be the linear functions corresponding toj1

xξ introduced in(20). As Eq. (21)hold
by virtue ofLemma 3.21, it is readily checked that a particular solution to(22) is given by

B1
i,3j = µi−3

j , Bi
3,ij = 1

m − 3
µ2m−5
j , j �= 2,

B1
i,2j = µm−6+i

j , Bi
2,ij = 1

m − 3
µ2m−4
j , j �= 3,

B1
2,3i = −µm−6+i

3 , Bi
2,3i = 1

m − 3
µ2m−4

3 , B1
3,2i = −µi−3

2 ,

Bi
3,2i = µ2m−6+i

i + 1

m − 3
µ2m−4

3 , B1
3,2j = µ2m−3

j , j = 1,2 or 3,

Bi
3,2j = µ2m−6+i

j , j �= i, Bl
h,jk = 0 otherwise

with 4 ≤ i ≤ m. �

Proposition 3.23. R2
s ⊂ J2E is a vector sub-bundle.

Proof. As π2
1 : R2

s → R1
s is surjective, in order to prove thatR2

s is a vector sub-bundle, it
suffices to prove that the rank of kerπ2

1 is constant.
If π2

1(j
2
xξ) = 0, there existsv ⊗ ζ ∈ S2T ∗

x ⊗ Ex such thatε(v ⊗ ζ) = j2
xξ. Hence

j2
xξ ∈ R2

s belongs to kerπ2
1 if and only if j2

xξ ∈ kerσ1(ψs). As kerσ1(ψs) = kerσ1(ϕ) (see
Proposition 3.16), from (10) we have thatj2

xξ ∈ kerσ1(ψs) if and only if it satisfies the
following equations:

Ei−3
k : t1i,3k − t13,ik = 0, 4 ≤ i ≤ m,

Em−6+i
k : t1i,2k − t12,ik = 0, 4 ≤ i ≤ m,

E2m−5
k : 2(t13,1k − t11,3k) +

m∑
l=4

(tl3,lk − tll,3k) = 0,
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E2m−4
k : 2(t12,1k − t11,2k) +

m∑
l=4

(tl2,lk − tll,2k) = 0, E2m−3
k : t13,2k − t12,3k = 0,

E2m−6+i
k : ti3,2k − ti2,3k = 0, 4 ≤ i ≤ m, (26)

whereti
j,hk are the coordinates ofv⊗ ζ introduced inSection 2.2. The equations in(26)are

not independent, as the following linear relations hold:

Ei−3
2 − Em−6+i

3 + E2m−3
i = 0, 4 ≤ i ≤ m,

2E2m−3
1 +

m∑
h=4

E2m−6+h
h − E2m−5

2 + E2m−4
3 = 0. (27)

Thus rk kerπ2
1 = rk(S2T ∗ ⊗ E) − (3m(m − 2) − (m − 2)). Hence

rk R2
s = rk R1

s + rk kerπ2
1 = m2

(
m + 1

2

)
− m3 − 2m2 + 4m + 4. �

From the first prolongation of̄ψs, p1(ψ̄s) : J2E → J1(M × R
3(m−1)), proceeding sim-

ilarly as inLemmas 3.20 and 3.21andPropositions 3.22 and 3.23, we obtain the following
proposition.

Proposition 3.24. R̄2
s is a vector sub-bundle.

Theorem 3.25. The Jacobi equations along an arbitrary extremals : M → FM of Ω1
23

(resp. s̄ : M → FM of Ω1
12) are formally integrable. Hence, if M and s (resp. s̄) are of

classCω, then given a pointj1
x0
ξ0 ∈ R1

s (resp.j1
x0
ξ̄0 ∈ R̄1

s ) there exists a Jacobi fieldXξ

(resp.Xξ̄) defined along s(resp.s̄) on a neighbourhood ofx0 such thatj1
x0
ξ = j1

x0
ξ0 (resp.

j1
x0
ξ̄ = j1

x0
ξ̄0).

Proof. The second part of the statement follows from the first part as a consequence of
Kuranishi’s theorem (see[2, IX, Theorem 3.3]) as ifs ∈ S isCω, then the Jacobi equations
are alsoCω.

Let us prove that the Jacobi equations alongs ∈ S are formally integrable. According to
Proposition 3.23,R2

s is a vector sub-bundle. FromProposition 3.22we obtain thatπ2
1 : R2

s →
R1
s is surjective. And fromCorollary 3.17andTheorem 3.11we have that∀ξx ∈ Fx ⊂ Ex

there exists a quasi-regular basis ofTx for kerσ(ψs) atξx. Hence, from[2, X, Theorem 1.6]
the result follows. The proof forΩ1

12 is similar. �

4. Pre-symplectic structure attached to Ω123 and Ω112

In this section we assume thatΩ1
23 andΩ1

12 have global extremals.
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4.1. The small radical

Let Ωm be a Lagrangian density onJ1P and letΘ be its Poincaré–Cartan form. Let
X, Y ∈ TsS be Jacobi vector fields defined along an extremals ∈ S of Ωm. Then,
d[(j1s)∗(iY(1) iX(1) dΘ)] = 0 (e.g., see[15]); that is, the(m − 1)-form iY(1) iX(1) dΘ is
closed alongj1s. The alternate bilinear map taking values in the spaceZm−1(M) of closed
(m − 1)-forms onM,

(ω2)s : TsS× TsS→ Zm−1(M), (ω2)s(X, Y) = (j1s)∗(iY(1) iX(1) dΘ),

defines the pre-symplectic structure associated toΩm.
Let s = (X1, . . . , Xm) : U → FM be an extremal ofΩ1

23, Xj = f i
j∂/∂x

i with dual

coframe(ω1, . . . , ωm), and let

X =
∑
i,j

Φi
jE

i∗
j |s, Y =

∑
i,j

Υ i
jE

i∗
j |s, Φi

j, Υ
i
j ∈ C∞(M), (28)

be two Jacobi fields whereEi
j denotes the standard basis ofgl(m; R). Then the pre-symplectic

structure associated toΩ1
23 is given by (see[16, Proposition 3.13])

(ω2)s(X, Y) =

∣∣∣∣∣∣∣∣
iX2ω iX3ω iXh

ω

Υ 1
2 Υ 1

3 Υ 1
h

Φh
2 Φh

3 Φh
h

∣∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣∣
iX2ω iX3ω iXh

ω

Υh
2 Υh

3 Υh
h

Φ1
2 Φ1

3 Φ1
h

∣∣∣∣∣∣∣∣ , (29)

whereω = ω1∧· · ·∧ωm. Similarly, the pre-symplectic structure associated toΩ1
12 is given

by

(ω̄2)s(X, Y) =

∣∣∣∣∣∣∣∣
iX1ω iX2ω iXh

ω

Υ 1
1 Υ 1

2 Υ 1
h

Φh
1 Φh

2 Φh
h

∣∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣∣
iX1ω iX2ω iXh

ω

Υh
1 Υh

2 Υh
h

Φ1
1 Φ1

2 Φ1
h

∣∣∣∣∣∣∣∣ . (30)

Theorem 4.1. LetS andS̄ be the sets of extremals ofΩ1
23 andΩ1

12, respectively, and let us
consider an extremals ∈ S (resp.s ∈ S̄). Assume M and s are of classCω. Then a Jacobi
fieldX ∈ TsS (resp.X ∈ TsS̄) satisfiesiX(ω2)s = 0 (resp.iX(ω̄2)S = 0) if and only if it is
an infinitesimal symmetry ofΩ1

23 (resp.Ω1
12).

Proof. Let us first suppose thatX is an infinitesimal symmetry ofΩ1
23; i.e.,LX(1)Ω1

23 =
0. Then, from[16, Theorem 3.7], we haveixΘ1

23 = 0. Hence for everyY ∈ TsS we
obtain, 0= iY (LXΘ

1
23) = iY iX dΘ1

23 + iY diX Θ1
23 = iY iX dΘ1

23. Therefore,iX(ω2)s(Y) =
(ω2)s(X, Y) = (j1s)∗(iXiY dΘ1

23) = 0.
Conversely, assume(ω2)s(X, Y) = 0 for everyY = ∑

i,j Υ
i
jE

i∗
j |s ∈ TsS. Let (U; xi) be a

coordinate system centred at a pointx ∈ U ⊆ M, such thatxij(s(x)) = δij. Letj1
xξ be a point

inR1
s with coordinatesλij,λ

i
j,h. Since Jacobi field equations are formally integrable by virtue

of Theorem 3.25, there exists a Jacobi fieldY such thatλij = Υ i
j(x), λ

i
j,h = (∂Υ i

j/∂x
h)(x).
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According toProposition 3.19, the projectionπ1
0 : R1

s → E, π1
0(j

1
xξ) = ξx is surjective;

hence the valuesλij can be taken arbitrarily. LetX = ∑
i,j Φ

i
jE

i∗
j |s. From(29)we have

0 = Φl
3(x)λ

1
2 − Φl

2(x)λ
1
3 + Φ1

3(x)λ
l
2 − Φ1

2(x)λ
l
3, l �= 2,3,

0 = Φh
h(x)λ

1
3 − Φh

3(x)λ
1
h + Φ1

h(x)λ
h
3 − Φ1

3(x)λ
h
h +

+Φ2
3(x)λ

1
2 − Φ2

2(x)λ
1
3 + Φ1

3(x)λ
2
2 − Φ1

2(x)λ
2
3, l = 2,

0 = −Φh
h(x)λ

1
2 + Φh

2(x)λ
1
h − Φ1

h(x)λ
h
2 + Φ1

2(x)λ
h
h + Φ3

3(x)λ
1
2

−Φ3
2(x)λ

1
3 + Φ1

3(x)λ
3
2 − Φ1

2(x)λ
3
3, l = 3

and sinceλij are arbitrary, we obtainΦl
2(x) = Φl

3(x) = 0 for l �= 2,3, Φ1
h(x) = 0,

for h �= 1 and 2Φ1
1(x) + ∑m

l=4Φ
l
l(x) = 0. Therefore,X is an infinitesimal symmetry

(see[16, Proposition 3.3]).
For the densityΩ1

12, the proof is similar. �

4.2. The large radical

In this section we analyse the radical of the pre-symplectic structure modulo exact
(m − 1)-formsBm−1(M) for Ω1

23 andΩ1
12; that is,

(L2)s : TsS× TsS→ Hm−1(M; R), (L2)s(X, Y) = [(ω2)s(X, Y)],

(L̄2)s : TsS̄× TsS̄→ Hm−1(M; R), (L̄2)s(X, Y) = [(ω̄2)s(X, Y)],

respectively, where [·] denotes the class moduloBm−1(M) of a closed form onM.

Lemma 4.2. Let s = (X1, . . . , Xm) ∈ S with dual basis(ω1, . . . , ωm) and letX, Y be
Jacobi fields as in(28) along s. Ifϕa = Φa

bω
b andψa = Υa

b ω
b, then the pre-symplectic

structure attached toΩ1
23 is given by

(ω2)s(X, Y)= 2ψ1 ∧ ϕ1 ∧ ω4 ∧ · · · ∧ ωm

+
m∑
k=4

(−1)kω1 ∧ (ϕ1 ∧ ψk − ψ1 ∧ ϕk) ∧ ω4 ∧ · · · ∧ ω̂k ∧ · · · ∧ ωm,

where the symbol(∧) means that the term is omitted.
Similarly, for s ∈ S̄ with dual basis(ω1, . . . , ωm) the pre-symplectic structure attached

toΩ1
12 is given by

(ω̄2)s(X, Y) =
m∑
k=3

(−1)k(ϕ1 ∧ ψk − ψ1 ∧ ϕk) ∧ ω3 ∧ · · · ∧ ω̂k ∧ · · · ∧ ωm.

Proof. According to(29)we have

(ω2)s(X, Y)= 2[(Υ 1
2Φ

1
3 − Υ 1

3Φ
1
2)iX1ω + (Υ 1

3Φ
1
1 − Υ 1

1Φ
1
3)iX2ω

− (Υ 1
2Φ

1
1 − Υ 1

1Φ
1
2)iX3ω] +

m∑
k=4

[(Υ 1
3Φ

k
k − Υ 1

k Φ
k
3)iX2ω
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−(Υ 1
2Φ

k
k − Υ 1

k Φ
k
2)iX3ω + (Υ 1

2Φ
k
3 − Υ 1

3Φ
k
2)iXk

ω

+ (Υ k
3Φ

1
k − Υk

k Φ
1
3)iX2ω + (Υ k

2Φ
1
k − Υk

k Φ
1
2)iX3ω

+ (Υ k
2Φ

1
3 − Υk

3Φ
1
2)iXk

ω].

We set

W = ω4 ∧ · · · ∧ ωm, Wi = ω4 ∧ · · · ∧ ω̂i ∧ · · · ∧ ωm. (31)

Then, we have

(Υ 1
2Φ

1
3 − Υ 1

3Φ
1
2)iX1ω + (Υ 1

3Φ
1
1 − Υ 1

1Φ
1
3)iX2ω − (Υ 1

2Φ
1
1 − Υ 1

1Φ
1
2)iX3ω

= (ψ1 ∧ ϕ1)(X2, X3)ω
2 ∧ ω3 ∧ W + (ψ1 ∧ ϕ1)(X1, X3)ω

1 ∧ ω3 ∧ W

+ (ψ1 ∧ ϕ1)(X1, X2)ω
1 ∧ ω2 ∧ W = ψ1 ∧ ϕ1 ∧ W,

and fork ≥ 4,

(Υ 1
3Φ

k
k − Υ 1

k Φ
k
3)iX2ω − (Υ 1

2Φ
k
k − Υ 1

k Φ
k
2)iX3ω + (Υ 1

2Φ
k
3 − Υ 1

3Φ
k
2)iXk

ω

= −(ψ1 ∧ ϕk)(X3, Xk)ω
1 ∧ ω3 ∧ W − (ψ1 ∧ ϕk)(X2, Xk)ω

1 ∧ ω2 ∧ W

+(−1)k−1(ψ1 ∧ ϕk)(X2, X3)ω
1 ∧ ω2 ∧ ω3 ∧ Wk

= −(ω1 ∧ ψ1 ∧ ϕk)(X1, X3, Xk)ω
3 ∧ (−1)kωk ∧ Wk

−(ω1 ∧ ψ1 ∧ ϕk)(X1, X2, Xk)ω
2 ∧ (−1)kωk ∧ Wk

+(−1)k−1(ω1 ∧ ψ1 ∧ ϕk)(X1, X2, X3)ω
2 ∧ ω3 ∧ Wk

= −(−1)kω1 ∧ ψ1 ∧ ϕk ∧ Wk.

Similarly,

(Υ k
3Φ

1
k − Υk

k Φ
1
3)iX2ω − (Υ k

2Φ
1
k − Υk

k Φ
1
2)iX3ω + (Υ k

2Φ
1
3 − Υk

3Φ
1
2)iXk

ω

= −(−1)kω1 ∧ ψk ∧ ϕ1 ∧ Wk,

and substituting these expressions into the right-hand side of the first equation, we
conclude.

For the densityΩ1
12, the proof is similar. �

4.2.1. dimM = 3

Theorem 4.3. If dimM = 3 andH1(M; R) = 0, thenL2 = 0 andL̄2 = 0.

Proof. First we prove that for every Jacobi fieldX along an extremals ∈ S, there exists a
vector fieldZ ∈ X(M) such that

iX(ω2)s = iZ̃v
s
(ω2)s, (32)

where Z̃v
s is the vertical component alongs (see[16, 3.3.2]) of the natural lift Z̃ (see

Section 2.1) of Z to the linear frame bundle. As a simple computation shows (again see
[16, 3.3.2]) we haveZ̃v

s = ∑
r,l ω

r([Xl, Z])Er∗
l |s. As dimM = 3, according to(29), the

only components of a Jacobi fieldX involved in iX(ω2)s areΦ1
1, Φ

1
2, Φ

1
3, where we use
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the same notations as in(28). Hence, we only need to construct a vector fieldZ such that
Φ1

l = ω1([Xl, Z]) for 1 ≤ l ≤ 3. In the present case, the Jacobiequations (18)(also see
[16, Theorem 3.8]) can be written as

XaΦ
1
b − XbΦ

1
a − Φ1

hω
h([Xa,Xb]) = 0, 1 ≤ a < b ≤ 3. (33)

Hence d(Φ1
l ω

l) = 0. AsH1(M; R) = 0, there exists a functionφ1 such thatΦ1
l ω

l = dφ1.
SetZ = φ1X1. TakingEq. (1)into account we obtain

ω1([Xl, Z]) = ω1([Xl, φ
1X1]) = ω1(Xl(φ

1)X1) + φ1ω1([Xl,X1]) = Xl(φ
1) = Φ1

l .

Similarly, given a Jacobi fieldY = Υr
l E

r∗
l |s, there existsT ∈ X(M) such thatΥ 1

l =
ω1([Xl, T ]). Therefore, fromLemma 4.2and taking account of the equations of the ex-
tremals(1), also see[16, Theorem 2.5], we obtain

(ω2)s(X, Y)= 2ψ1 ∧ ϕ1 = 2LTω
1 ∧ LZω

1

= 2(iT dω1 + diT ω
1) ∧ (iZ dω1 + diZω

1)

= 2 diT ω
1 ∧ diZω

1 = 2 d(iT ω
1 ∧ diZω

1).

This concludes the proof for(ω2)s.
For the pre-symplectic structure(ω̄2)s the proof is similar. �

We remark that ifM is compact, then the result inTheorem 4.3simply follows by duality.
If H1(M; R) �= 0, thenL2 andL̄2 need not be zero. For example, ifM = (S1)3 is the 3-torus
with coordinates dxi(mod 2π), then the dual basiss = (X1, X2, X3) of (dx1,dx2,dx3) is
an extremal forΩ1

23 andΩ1
12 (see[16, Proposition 2.7]), and using(33), we deduce that

every vector field in(28) with constant coefficients, sayΦi
j = λij ∈ R, Υ i

j = µi
j ∈ R is a

Jacobi field. We then obtain

(L2)s(X, Y) = 2
∑
a<b

(λ1
bµ

1
a − λ1

aµ
1
b)[dx

a ∧ dxb],

and recalling that [dxa ∧ dxb], a < b, is a basis forH2(M; R), the result follows.

4.2.2. dimM ≥ 4
In this section we assumeM = N × (a, b), whereN is an orientable, connected and

compact manifold of dimensionm − 1, that is, a space-like hypersurface inM. Hence
Hm−1(M; R) = Hm−1(N; R) ∼= R. Let ι : N → M, be the embeddingι(x) = (x, c), with
a < c < b. Assumes = (X1, . . . , Xm) (with dual coframe(ω1, . . . , ωm)) is an extremal
for Ω1

23 such that the vector fieldsXa = fb
a ∂/∂x

b, 1 ≤ a ≤ m − 1, are tangent toN and,

furthermore, we haveXm = ∂/∂xm. Letting ω̃i = ι∗ωi, we haveω̃a = ∑m−1
h=1 f̃h

a dxh,
1 ≤ a ≤ m − 1, wheref̃ha = fh

a ◦ ι, andω̃m = ι∗(dxm) = 0.

Lemma 4.4. By using the notations introduced in(31), a linear frame s is an extremal for
Ω1

23 if and only if its dual coframe satisfies the following equations:

0 = dω1 ∧ ω1 ∧ Wi, 4 ≤ i ≤ m, (34)
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0 = 2 dω1 ∧ W + ω1 ∧ dW. (35)

Proof. The equations of the extremals forΩ1
23 (see[16, Theorem 2.3]) can be written as

follows:

dω1 ∧ ω1 ∧ ωa ∧ Wi = 0, 4 ≤ i ≤ m, a = 2,3, (36a)

ωa ∧ [d(ω1 ∧ W) + dω1 ∧ W ] = 0, a = 2,3, (36b)

dωj ∧ ω1 ∧ W = 0, j �= 2,3. (36c)

From (a) and (c) forj = 1, and taking the identity dω1 ∧ ω1 ∧ ω1 ∧ Wi = 0 into account,
we obtain(34). By using(34), we have

ω1 ∧ [d(ω1 ∧ W) + dω1 ∧ W ] = 2(−1)i−1ωi ∧ ω1 ∧ dω1 ∧ Wi = 0. (37)

Moreover, taking (c) into account andωi ∧ W = 0, for 4≤ i ≤ m, we have

ωi ∧ [d(ω1 ∧ W) + dω1 ∧ W ] = ωi ∧ ω1 ∧ dW = −dωi ∧ ω1 ∧ W = 0. (38)

Hence, from(37), (36b)and(38)we obtain(35). �

Lemma 4.5. Let s = (X1, . . . , Xm) be an extremal forΩ1
23 with dual coframe(ω1, . . . ,

ωm). A vector fieldX ∈ s∗VF, X = ∑
i,j Φ

i
jE

i∗
j |s, Φi

j ∈ C∞(M), is a Jacobi field forΩ1
23

along s if and only if the1-formsϕa = Φa
bω

b satisfy

0 = ω1 ∧ α1 ∧ Wi, 4 ≤ i ≤ m, (39)

0 = 2α1 ∧ W +
m∑
k=4

(−1)kαk ∧ ω1 ∧ Wk, (40)

where

αh = dϕh − ϕ1 ∧ iX1 dωh −
m∑
l=4

ϕl ∧ iXl
dωh. (41)

Proof. From the Jacobi equations (see[16, Theorem 3.8]) and taking account of the fol-
lowing identities:

Xj(Φ
i
k) − Xk(Φ

i
j) − Φi

hω
h([Xj,Xk]) + Φh

jω
i([Xh,Xk]) − Φh

kω
i([Xh,Xj])

= dϕi(Xj,Xk) − ϕh(Xj)dωi(Xh,Xk) + ϕh(Xk)dωi(Xh,Xj)

= (dϕi − ϕh ∧ iXh
dωi)(Xj,Xk),

we can rewrite down the Jacobi equations as follows:

0 = (dϕ1 − ϕh ∧ iXh
dω1)(Xa,Xi), (42)

0 = 2(dϕ1 − ϕh ∧ iXh
dω1)(X1, Xa) +

m∑
l=4

(dϕl − ϕh ∧ iXh
dωl)(Xl,Xa), (43)
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0 = (dϕj − ϕh ∧ iXh
dωj)(X2, X3), (44)

wherea = 2,3, 4 ≤ i ≤ m andj �= 2,3. Using the notation introduced in(41) and the
equations for the extremals (see[16, Corollary 2.4]), Eq. (42)reads

0= α1(Xa,Xi) −
∑
b=2,3

(ϕb ∧ iXb
dω1)(Xa,Xi)

= (α1 ∧ ω1 ∧ ωa′ ∧ · · · ∧ ω̂i ∧ · · · ∧ ωm)(Xa,Xi,X1, Xa′ , . . . , X̂i, . . . , Xm),

wherea′ = 3 if a = 2 anda′ = 2 if a = 3, and 4≤ i ≤ m. Hence,Eq. (42)is equivalent to

0 = α1 ∧ ω1 ∧ ωa ∧ Wi, a = 2,3, 4 ≤ i ≤ m. (45)

Proceeding similarly,Eqs. (43) and (44)can be written as follows:

0 = 2α1 ∧ ωa ∧ W +
m∑
l=4

(−1)lαl ∧ ω1 ∧ ωa ∧ Wl, a = 2,3, (46)

0 = ω1 ∧ αj ∧ W, j �= 2,3. (47)

From(47), takingEqs. (36c) and (39)into account, we obtain

0= dϕ1 ∧ ω1 ∧ (−1)i−1ωi ∧ Wi + iX1

ϕ1 ∧ dω1 ∧ ω1 ∧ W︸ ︷︷ ︸
=(36)0


− (iX1ϕ

1)dω1 ∧ ω1 ∧ W︸ ︷︷ ︸
=(36)0

+ ϕ1 ∧ dω1 ∧ iX1(ω
1 ∧ W)

+
m∑

h=4

iXh

ϕh ∧ dω1 ∧ ω1 ∧ W︸ ︷︷ ︸
=(36)0

 −
m∑

h=4

(iXh
ϕh)dω1 ∧ ω1 ∧ W︸ ︷︷ ︸

=(36)0

+ϕh ∧ dω1 ∧ iXh
(ω1 ∧ (−1)i−1ωi ∧ Wi)

= (−1)iωi ∧
{
(dϕ1 ∧ ω1 + ϕ1 ∧ dω1) ∧ Wi −

m∑
h=4

ϕh ∧ dω1 ∧ iXh
(ω1 ∧ Wi)

}

−
m∑

h=4

(−1)h−1ϕh ∧ dω1 ∧ ω1 ∧ Wh︸ ︷︷ ︸
=(34)0

, 4 ≤ i ≤ m. (48)

Similarly, taking(34) and (35)into account, from(45)we have

0 = ωa ∧
{
(dϕ1 ∧ ω1 − ϕ1 ∧ dω1) ∧ Wi −

m∑
h=4

ϕh ∧ dω1 ∧ iXh
(ω1 ∧ Wi)

}
, (49)
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wherea = 2,3 and 4≤ i ≤ m. And finally, taking(34) into account, we have

ω1 ∧
{
(dϕ1 ∧ ω1 − ϕ1 ∧ dω1) ∧ Wi −

m∑
h=4

ϕh ∧ dω1 ∧ iXh
(ω1 ∧ Wi)

}

= ϕ1 ∧ ω1 ∧ dω1 ∧ Wi − ω1 ∧
m∑

h=4

ϕh ∧ dω1 ∧ ω1 ∧ iXh
Wi = 0.

Hence, from(48), (49)and equation above, we obtain

0 = (dϕ1 ∧ ω1 − ϕ1 ∧ dω1) ∧ Wi −
m∑

h=4

ϕh ∧ dω1 ∧ iXh
(ω1 ∧ Wi), 4 ≤ i ≤ m.

Proceeding similarly, fromEqs. (46) and (47)we obtain(40). �

We recall that in the present section we assumeM = N × (a, b) and also that the linear
frame (X1, . . . , Xm) is adapted to such a splitting; see the beginning ofSection 4.2.2.
Because of this, ifM admits an adapted holonomic linear frame, thenN also admits a
holonomic frame and hence it is necessarily diffeomorphic to the(m − 1)-dimensional
torus, asN is compact and connected. For a proof of this result, see[12, Lemma 2]. This
justifies our assumption in the proposition below.

Proposition 4.6. With the same hypothesis and notations as above, assume N is the(m −
1)-dimensional torus, i.e., N = (S1)m−1, and let s be a holonomic section. A Jacobi field
X ∈ s∗VF, X = ∑

i,j Φ
i
jE

i∗
j |s, Φi

j ∈ C∞(M), belongs to the radical of the pre-symplectic

structure(L2)s, if and only if fora = 1,m, and for everyα1, α3, α4, . . . , αm−1 ∈ S1, the
forms

Φ̃a
3ω̃

2 ∧ ω̃3|{α1}×S1×S1×{α4}×···×{αm−1}, Φ̃a
2ω̃

2|{α1}×S1×{α3}×···×{αm−1} (50)

are exact.

Proof. As s is a holonomic frame, we have [Xi,Xj] = 0. Parameterizing the points in

N by (exp(ix1), . . . ,exp(ixm−1)), we can assume dxj(Xk) = δ
j

k for j, k = 1, . . . , m − 1.
Let Φ̃i

j(x) = ∑
α∈Zm−1 Φi

j,α(c)χα(x
′) be the Fourier series expansion of the functionsΦ̃i

j,

whereχα(x′) = exp[i(α1x
1 + · · · + αm−1x

m−1)], x′ = (x1, . . . , xm−1) and the coefficients
Φi

j,α(c) are given by

Φi
j,α(c) = 1

(2π)m−1

∫
N

Φ̃i
j(x)χ−α(x

′)dx1 ∧ · · · ∧ dxm−1.

Ass is holonomic, by restricting(39) and (40)toN, the Jacobi equations becomeα2Φ
a
3,α(c) =

α3Φ
a
2,α(c), a = 1,m. HenceΦa

3,α(c) = (α3/α2)Φ
a
2,α(c) if α2 �= 0, and therefore

Φ̃a
3(x) =

∑
α2 �=0

α3

α2
Φa

2,α(c)χα(x
′) + φa3(x

1, x3, . . . , xm−1, c), a = 1,m,

φa3(x
1, x3, . . . , xm−1, c) =

∑
α∈Zm−1

Φa
3,(α1,0,α3,... ,αm−1)

(c)χ(α1,0,α3,...,αm−1)(x
′), (51)
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and ifα2 = 0 andα3 �= 0, thenΦa
2,α(c) = 0, and therefore

Φ̃a
2(x) =

∑
α2 �=0

Φa
2,α(c)χα(x

′) + φ̄a2(x
1, x4, . . . , xm−1, c), a = 1,m,

φ̄a2(x
1, x4, . . . , xm−1, c) =

∑
α∈Zm−1

Φa
2,(α1,0,0,α4,... ,αm−1)

(c)χ(α1,0,0,α4,...,αm−1)(x
′).

(52)

Similarly, if Y = ∑
i,j Υ

i
jE

i∗
j is a Jacobi field, we have

Υ̃ a
3 (x) =

∑
β2 �=0

β3

β2
Υa

2,β(c)χβ(x
′) + ψa

3(x
1, x3, . . . , xm−1, c), a = 1,m, (53)

Υ̃ a
2 (x) =

∑
β2 �=0

Υa
2,β(c)χβ(x

′) + ψ̄a
2(x

1, x4, . . . , xm−1, c), a = 1,m, (54)

ψa
3(x

1, x3, . . . , xm−1, c) =
∑

β∈Zm−1

Υa
3,(β1,0,β3,...,βm−1)

(c)χ(β1,0,β3,... ,βm−1)(x
′),

ψ̄a
2(x

1, x4, . . . , xm−1, c) =
∑

β∈Zm−1

Υa
3,(β1,0,0,β4,...,βm−1)

(c)χ(β1,0,0,β4,...,βm−1)(x
′).

According to(29), the pre-symplectic structure associated toΩ1
23 is given by

(ω̃2)s(X, Y)= ι∗
(

2ψ1 ∧ ϕ1 ∧ W +
m∑
k=4

(−1)kω̃1 ∧ (ϕ1 ∧ ψk − ψ1 ∧ ϕk) ∧ Wk

)
= (−1)mω̃1 ∧ (Φ̃1

bω̃
b ∧ Υ̃m

a ω̃a − Υ̃ 1
a ω̃

a ∧ Φ̃m
b ω̃

b) ∧ ι∗Wm

= (−1)m(Φ̃1
2Υ̃

m
3 − Φ̃1

3Υ̃
m
2 − Υ̃ 1

2 Φ̃
m
3 + Υ̃ 1

3 Φ̃
m
2 )dx1 ∧ · · · ∧ dxm−1.

ExpandingΦ̃a
b, Υ̃

a
b , a = 1,m andb = 2,3 (see(51)–(54)), we obtain

Φ̃a
2Υ̃

a′
3 =

∑
α2·β2 �=0

β3

β2
Φa

2,α(c)Υ
a′
2,β(c)χα+β +

∑
α2 �=0

Φa
2,α(c)ψ

a′
3 χα

+
∑
β2 �=0

β3

β2
Υa′

2,β(c)φ̄
a
2χβ + φ̄a2ψ

a′
3 ,

wherea′ = m if a = 1, anda′ = 1 if a = m, and similarly,

Υ̃ a
2 Φ̃

a′
3 =

∑
α2·β2 �=0

α3

α2
Φa′

2,α(c)Υ
a
2,β(c)χα+β +

∑
β2 �=0

Υa
2,β(c)φ

a′
3 χβ

+
∑
α2 �=0

α3

α2
Φa′

2,α(c)ψ̄
a
2χα + φa

′
3 ψ̄

a
2.
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By integrating(ω̃2)s(X, Y) onN, the terms

∑
a=1,m

 ∑
α2 �=0,β2 �=0

β3

β2
Φa

2,α(c)Υ
a′
2,β(c)χα+β −

∑
α2 �=0,β2 �=0

α3

α2
Φa′

2,α(c)Υ
a
2,β(c)χα+β


vanish since, in this expression, eitherα+β �= 0 orα+ β = 0 and then, the corresponding
terms cancel out. Furthermore, from(51) and (53), we have

∑
a=1,m

∑
α2 �=0

Φa
2,α(c)ψ

a′
3 χα −

∑
β2 �=0

Υa
2,β(c)φ

a′
3 χβ


=

∑
a=1,m

∑
α2 �=0

∑
β2=0

Φa
2,α(c)Υ

a′
3,β(c)χα+β −

∑
β2 �=0

∑
α2=0

Υa
2,β(c)Φ

a′
3,α(c)χβ+α

 ,

and, by again integrating onN, all the terms vanish, asα + β �= 0. Hence∫
N

(ω̃2)s(X, Y) =
∫
N

(φ̄1
2ψ

m
3 − ψ̄m

2 φ
1
3 − ψ̄1

2φ
m
3 + φ̄m2 ψ

1
3)dx1 ∧ · · · ∧ dxm−1.

Lettingψm
3 = ψ̄m

2 = ψ̄1
2 = 0 andψ1

3 = φ̄m2 , we have∫
N

(ω̃2)s(X, Y) = (2π)2
∫
(S1)m−3

(φ̄m2 )
2 dx1 ∧ dx4 ∧ · · · ∧ dxm−1,

and thereforēφm2 = 0. Similarly, by takingψ1
3 = ψ̄m

2 = ψ̄1
2 = 0 andψm

3 = φ̄1
2, we obtain

φ̄1
2 = 0. Fora = 1,m, let

φa3 =
∑
h�=0

φa3,h(x
1, x4, . . . , xm−1, c)exp(ihx3) + φa3,0(x

1, x4, . . . , xm−1, c)

be the Fourier series expansion of the functionsφa3 with respect tox3. We have∫
N

(ω̃2)s(X, Y)= −2π
∫
(S1)m−2

(ψ̄m
2 φ

1
3 + ψ̄1

2φ
m
3 )dx1 ∧ dx3 ∧ · · · ∧ dxm−1

= −(2π)2
∫
(S1)m−3

(ψ̄m
2 φ

1
3,0 + ψ̄1

2φ
m
3,0)dx1 ∧ dx4 ∧ · · · ∧ dxm−1.

Takingψ̄m
2 = 0, ψ̄1

2 = φm3,0, we obtainφm3,0 = 0, and takingψ̄1
2 = 0, ψ̄m

2 = φ1
3,0, we obtain

φ1
3,0 = 0. Hence, the Jacobi fieldX = ∑

i,j Φ
i
jE

i∗
j |s belongs to the radical of(L2)s if and

only if the functionsΦ̃a
3, Φ̃a

2, a = 1,m, satisfy

Φ̃a
3(x) =

∑
α2 �=0

α3

α2
Φa

2,α(c)χα(x
′) +

∑
h�=0

φa3,h(x
1, x4, . . . , xm−1, c)exp(ihx3),

Φ̃a
2(x) =

∑
α2 �=0

Φa
2,α(c)χα(x

′).



J. Muñoz Masqu´e, M. Eugenia Rosado Mar´ıa / Journal of Geometry and Physics 49 (2004) 119–155153

From these expressions we conclude that the integrals overS1×S1 and overS1, respectively,
of the forms in(50), vanish. Hence such forms are exact.

Conversely, assume that the forms in(50)are exact. Therefore, fromEq. (51)we have

0=
∫

{α1}×S1×S1×{α4}×···×{αm−1}
Φ̃a

3 dx2 ∧ dx3

=
∑
α2 �=0

α3

α2

∫
{α1}×S1×S1×{α4}×···×{αm−1}

Φa
2,α(c)χα(x

′)dx2 ∧ dx3

+
∫

{α1}×S1×S1×{α4}×···×{αm−1}
φa3(x

1, x3, . . . , xm−1, c)dx2 ∧ dx3

= 2π
∫

{α1}×S1×{α4}×···×{αm−1}
φa3(x

1, x3, . . . , xm−1, c)dx3,

and recalling the Fourier series expansion forφa3(x
1, x3, . . . , xm−1, c) with respect tox3,

we have

0= 2π
∫

{α1}×S1×{α4}×···×{αm−1}
φa3(x

1, x3, . . . , xm−1, c)dx3

= 2π
∫

{α1}×S1×S1×{α4}×···×{αm−1}

∑
h�=0

φa3,h(x
1, x4, . . . , xm−1, c)exp(ihx3)dx3

+ 2π
∫

{α1}×S1×S1×{α4}×···×{αm−1}
φa3,0(x

1, x4, . . . , xm−1, c)dx3

= (2π)2φa3,0(α
1, α4, . . . , αm−1, c).

Similarly, from(52)we have

0=
∫

{α1}×S1×{α3}×···×{αm−1}
Φ̃a

2 dx2

=
∫

{α1}×S1×{α3}×···×{αm−1}

∑
α2 �=0

Φa
2,α(c)χα(x

′)dx2

+
∫

{α1}×S1×{α3}×···×{αm−1}
φ̄a2(x

1, x4, . . . , xm−1, c)dx2

= (2π)2φ̄a2(α
1, α4, . . . , αm−1, c),

and this finishes the proof. �

Similarly, for the densityΩ1
12 we obtain the following lemma.

Lemma 4.7. We setW̄ = ω3∧· · ·∧ωm andW̄i = ω3∧· · ·∧ ω̂i∧· · ·∧ωm. A linear frame
s is an extremal forΩ1

12 if and only if its dual coframe satisfies the following equations:

dW̄ = 0, dω1 ∧ W̄i = 0, 3 ≤ i ≤ m.
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Lemma 4.8. Lets = (X1, . . . , Xm)be an extremal forΩ1
12with dual coframe(ω1, . . . , ωm).

A vector fieldX ∈ s∗VF, X = ∑
i,j Φ

i
jE

i∗
j |s, Φi

j ∈ C∞(M), is a Jacobi field forΩ1
12 along

s if and only if the1-formsϕa = Φa
bω

b satisfy

0 = dϕ1 ∧ W̄i −
m∑
l=1

ϕl ∧ iXl
dω1 ∧ W̄i, 3 ≤ i ≤ m,

0 =
m∑
k=3

(−1)k
(

dϕk −
m∑
l=1

ϕl ∧ iXl
dωk

)
∧ W̄k.

Proposition 4.9. With the same hypothesis and notations as above, assume N is the(m −
1)-dimensional torus, i.e., N = (S1)m−1, and let s be a holonomic section. A Jacobi field
X ∈ s∗VF, X = ∑

i,j Φ
i
jE

i∗
j |s, Φi

j ∈ C∞(M), belongs to the radical of the pre-symplectic

structure(L̄2)s, if and only if fora = 1,m, and for everyα2, α3, α4, . . . , αm−1 ∈ S1, the
following forms are exact:

Φ̃a
2ω̃

1 ∧ ω̃2|S1×S1×{α3}×···×{αm−1}, Φ̃a
1ω̃

1|S1×{α2}×···×{αm−1}.
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[5] P.L. Garćıa, The Poincaré–Cartan invariant in the calculus of variations, Symp. Math. 14 (1974) 219–246.
[6] J. Gasqui, Sur la résolubilité locale des équations d’Einstein, Comp. Math. 47 (1982) 43–69.
[7] J. Gasqui, Formal integrability of systems of partial differential equations, in: Proceedings of the Seminar on

Nonlinear Equations in Classical and Quantum Field Theory, Meudon, Paris, 1983–1984, Lecture Notes in
Physics, vol. 226, Springer, Berlin, 1985, pp. 21–36.

[8] G. Giachetta, L. Mangiarotti, Gauge invariance and formal integrability of the Yang–Mills–Higgs equations,
Int. J. Theoret. Phys. 35 (1996) 1405–1422.

[9] J. Grifone, Z. Muzsnay, Variational Principles for Second-order Differential Equations, World Scientific,
Singapore, 2000.

[10] F. Gronwald, Metric-affine gauge theory of gravity. I. Fundamental structure and field equations, Int. J. Mod.
Phys. D 6 (1997) 263–303.

[11] R.S. Hamilton, The inverse function theorem of Nash and Moser, Bull. Am. Math. Soc. 7 (1982) 65–222.
[12] V.L. Hansen, Integrably parallelizable manifolds, Proc. Am. Math. Soc. 35 (1972) 543–546.



J. Muñoz Masqu´e, M. Eugenia Rosado Mar´ıa / Journal of Geometry and Physics 49 (2004) 119–155155

[13] S. Kobayashi, K. Nomizu, Foundations of Differential Geometry, vol. I, Wiley, New York, 1963.
[14] J.E. Marsden, S. Shkoller, Multisymplectic geometry, covariant Hamiltonians, and water waves, Math. Proc.

Camb. Philos. Soc. 125 (1999) 553–575.
[15] J. Muñoz Masqué, L.M. Pozo Coronado, Parameter invariance in field theory and the Hamiltonian formalism,

Fortschr. Phys. 48 (2000) 361–405.
[16] J. Muñoz Masqué, M.E. Rosado, Invariant variational problems on linear frame bundles, J. Phys. A 35 (2002)

2013–2036.
[17] D.J. Saunders, The Geometry of Jet Bundles, Cambridge University Press, Cambridge, UK, 1989.
[18] J.J. Sławianowski, Field of linear frames as a fundamental self-interacting system, Rep. Math. Phys. 22 (1985)

323–371.
[19] J.J. Sławianowski, GL(n, R) as a candidate for fundamental symmetry in field theory, Nuovo Cimento B

106 (11) (1991) 645–668.
[20] J. Stallings, On fibering certain 3-manifolds, in: Topology of 3-manifolds and related topics, Proceedings

of the Topological Institute of the University of Georgia, 1961, Prentice-Hall, Englewood Cliffs, NJ, 1962,
pp. 95–100.


	Integrability of the field equations of invariant variational problems on linear frame bundles
	Introduction
	Notations and preliminaries
	The bundle of linear frames
	Jet bundle notations
	Quasi-linear PDEs
	Invariant Lagrangians on FM
	Extremals of Ljki

	Integrability of extremals and Jacobi fields
	Quasi-linear PDEs defined by Omega231 and Omega121
	Characteristics
	Curvature of (1) and (2)
	Integrability of the systems (1) and (2)
	Integrability of the Jacobi equations

	Pre-symplectic structure attached to Omega231 and Omega121
	The small radical
	The large radical
	dimM=3
	dimM4


	Acknowledgements
	References


